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Abstract. In this worl, we study the effect the alteration of the geometric stiffness, by ns of axial force
applicatior, in the niural frequency of bases ootating machines. Two models are studied: a beamaaplanar
portal frame, all metallic,to keep them out of the resonarrange. This regiol, nearresonanc, is considered ¢
unsafe region, and comprises the range startit 20% bdow this frequenc and to 25% above it. Two tool«ere usec
to carry out the stud Rayleigl's Method ani the Finite Element Method (FEM). F the bearr a rectangular tub
(60x60 profile in structural steel is studiedsing Rayleigl's Method ancthe FEM. For the planar portal frame we
used only th FEM. In this case more profiles were analyd. In the case of the beam, without any loa, we forcec
it to be inside the dangerous zone, by both RayleighFEM. An axial force intervention weapplied to change it:
frequencie. In the plaiar portal frame, the 60x60 profile was not inside tfangerous zone, while the others, 80
and| profile, were within tle region {0.8, 1.2%2}. The study showed that the geometric stiffness very important
influence on the natural frequenciesthese machine base

Keywords: Geometric stiffness, Resonance, Fundamental naftegienc, natural frequencies, Finitelement
Method (MEF), Rayleigh Method, Rotating Machi

1 INTRODUCTION

Rotating machine bases are mechanical systemscgedbjew mechanical vibrationThese base car be modeec as
showed in the Fig.below

Machine Base

One possible modeling for this
Machine Base

Figurel A possitle modelinc of a manufacturing machi bast.

One manner ccontrol undesirable frequency ran(, especiallyresonance conditions, is the applica of axial
forces. That it isgoing to change the value of the stiffness andrabifrequencie.
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In this paper, we present a study on the effeetx@l loads upon the geometric stiffness of megalrbs supporting
unbalanced rotating machinery. Figure 2 shows aighlysnodel of the problem. It is well known thatthatural
undamped free vibrations frequencies of mechamsigsiems depend on their mass and stiffness. Hensder the
effect of the geometric stiffness.

Geometric stiffness is the portion of the systestifness that depends on the external forces,cespe axial
forces. The dynamics characteristics of a struaerend of the mass, stiffness and damping. Thditstanfluence in
the natural frequency and shape modes. Howeverinttial stiffness of a structure, in the unloadeghdition, is
affected by the presence of the axial loading thanhges its geometric stiffness and thus the rndteguency.

Compression loads tend to decrease the stiffnebsha@nnatural frequencies. Compression loads may @ad to
the instability of the system (buckling). In thénet hand, traction forces tend the increase tfffaestss and the natural
frequencies.

Previous work on the subject are to be found inregfees (Brasil, 2014), (Brasil and Silva, 2013) é&bldugh and
Pieze, 1995).

2 MODELING

As mentioned, two modeling tools were used, theléigly Method and the Finite Elements Method (FEM)eyTh
are both based on the concept of shape functidressFEM has been widely used in the engineering camityn
Our physical model of the beam is shown in Fig.2|, @uat of the planar portal frame in Fig.3.

Figure 2 Physical model of the beam.
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Figure 3 Physical Model of the planar poftaine.

2.1 Modeling by Rayleigh’s Method

Our system has an infinite number of degree ofdiveg but we are going to use Rayleigh’'s Methodadagform it
into a Generalized One-Degree of Freedom modeltivéltoncept of shape function. Here we disreganapitzy.

The equation of motion of a One-Degree of FreedoDR)system is (Brasil and Silva, 2015; Rao, 2004uGlo
and Pezien, 1995):

mi+kx=0 (&N
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For multiple degrees of freedom models, we have taixreguation of motion
[m]{x} + [K]{x} = {0} (2)

The beam of Fig.2 is a continuous mechanical sysiEm. vibration analysis of continue systems reqtie
solution of a partial differential equation (PDEhish may be difficult or even impossible (Rao, 2D@ne alternative
manner of work with continuous systems is the dshape functions and the Rayleigh Method.

Lord Rayleigh (1842-1919) proposed a manner tovddtie natural frequency of continue systems immplffied
manner (Clough and Pezien, 1995). This method esilithe idea of conservation of mechanical energh e
concepts of shape function, generalized mass #frkss.

Frequency is given by Eq.3.

w=J§ 3)

wherem ek are called generalized mass and stiffness, régplgc
The generalized stiffness has two parts (Clough Riegen, 1995), the generalized elastic stifffessind the

generalized geometric stiffnek_§, as in Eq. 4.

k=ko+ky (4)

To compute the values &fe’m we will use formulas (5-7) (Clough and Pezien, J99fich may be derived from
the Virtual Work Theorem, among other possibilities

= [y Mgy ()9 ()2 dx ®)
ko = fOL EI(x) " (x)? dx (6)
E =F fOL @'(x)? dx (7)

where:mg,(x) = unit density / ¢(x)-> shape function / E> elasticity / 1-> inertial cross section / P axial
force andL is length of beam, or elements of beam.
The motion of the beam axisuiéx, t), expressed by Eq.8.

u(x,t) = @(x)q(t) (8)

To describe a function as product of others twoctioms, we are using the separated-variables-conedpch
follows some rules: iu(x,t) =1 in some point of domain, where our generalizedrdimate is chosen; iix(x,t)
must satisfy the geometric boundary conditions. feguillustrates such points.

The shape function describes the bending displacenw the beam axis. In other words, we may say the
function tries to imitate the form that the bearsweses during its motion.

As we can to see in Eq.7, the generalized geonsdificess depends on the applied axial force.
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u(;t) = 1.q(t)

L

Shape Mode 1

u (%,t) = 1.q(t)

L L
2 4

Shape Mode 2

Figure 4 Possible shape functions.

2.1.1 The shape function as a cubic polynomial

As said, the shape function describes the bendotgpmof the beam axis.

One possible shape function will be a cubic polyr@rfunction. We use this cubic function because shape
functions usually used in a beam Finite Elemengése cubic.

p(x)=apta;x+ax?+azx3 9)

Using the boundary conditions, we obtain the cogffits of the Eq.9.

¢(0)=0 = a,=0
L L L3

‘P(E) =l1>a,;+a; =1

(L 313
@ (E) =0 = a;+az—-=0
0" (0)=0=2a,=0
Thus, we adopt:

3 4
) =7x - L—3x3 (10)
2.1.2  Calculation of the values of thém, k, e k,

Given the adopted shape function, we proceed &rméte the system dynamic parametersc, e k.

Integrals Eq. 5, 6 and 7, will be carried out frlnto L/2, because the cubic function, that is nohmetrical, is
defined only for half the beam. The results willrbeltiplied by 2.

Applying Eq. 5, with the consideration that,,(x) = m (constant unit density), we will get the genediznass:
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To this generalized mass we must add the motordanngass M.
m = T mL+M (12)

The generalized elastic stiffness is given by Efl& beam of the Fig.1 is considered to have El(K) (prismatic
and uniform). Thus:

ko == (13)

L3
The generalized geometric stiffness is given by’Eaqd depends on the axial force, as can be sdem14.

T _ 24F

kg =22 (14)

With Egs. 11, 12 and 13, we have the general egjmedo find the first, or fundamental, naturalgiuency using
Rayleigh’'s Method.

__ | 8400EI+840FL2
0= \'85mL4+175ML3 (15)
2.2 Modeling by FEM

The Finite Elements Method is a discretization tégqm of continuous systems, a numerical approadheto
solution of its differentials equations (Wahrh208).
Here we use a six degrees of freedom plane bedt® élement, shown in Fig. 5.

CIZT QST
q1 > . . >
& &q)

Figure 5 — A 6 degrees of freedom planar beaméd-Eiément.

Utilizing this model of finite element we have me#s (16-17):

r EA —-EA
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1 1
[ - 0 0 - 0 0
3 6
0 13 61 11L I 9 61 -13L I
35 ' 5AL2 210  10AL 70  5AL2 420 10AL
0 11L 1 L? 21 0 13L I —-12 1
[m]=pAL . 210 10AL 105 154 ) 420 10AL 140 304 (17)
= 0 0 = 0 0
6 3
0 9 61 13L I 0 13 61 —-11L I
70  5AL2 420  10AL 35 = 5AL2 210 10AL
LO —-13L I -1 1 —-11L 1 L? 21
420 10AL 140 304 210 10AL 105 = 154 -

[K] is the generalized stiffness matrix of the etg including the geometric stiffneg and the elastic stiffneds.

[k] = [kol + [kq] (18)

[m] is the mass matrix considering the moment of iakttof the section, to consider rotation inertdaregarded in
the Rayleigh Method model.

These matrices will be found in the literature (secio, 1975).

2.3 Results and Discussion

Our FEM models are shown in Fig. 6 and Fig.7.

motor
—e e sy
2 T D R

Figure 6 Beam's FEM mesh.
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Figure 7 Planar portal frame FEM mesh

Our electric motor works at 1715 RPM or 29 Hz inadie state operation mode, the only one we analyzed.
Resonance occurs when the excitation source, snddise the electric motor, has its frequency equalear some
natural frequency of the structure. When this happgossible undesired effects may occur (Bragll Gitva, 2013).
We will assume a resonance zone ofDt8 1.2%2, whereQ is the motor frequency. Thus, the structure shetdg out
of the range {23 to 36}.

We will derivate the frequencies for axial forces £-280, -210, -140, -70, 0, 70, 140, 210, 280},dsplayed in
Tablel. The frequencies, for the Rayleigh’s Metlayd,in the Tab.2 and for FEM are Tab.3.
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Table 1 Data of several used metallic profiles.

Greatness Values Description
A (60X60) 1.0598x10 °m* Cross Section Area
1(60X60) 5.4230x10 'm* Area Inertial Moment
m (60x60) 8.27kg/m Lmear Densit
A (80x80) 1.4719x10°m* Cross Section Area
1(80x80) 1.3895x10°m* Area Tnertial Moment
m (80x80) 11.48kg/m Linear Densit
A (profile I) 1.05x 107 m? Cross Section Area
I(profilel) 1.04x 10 m* Area Inertial Moment
(profile I)  8.19kg/m Lmear Densit
3 Specifc Mass — Structural Steel 1020 NBR
P 7800kg/m 8261-1983
L 2m Length of Beam and Portico
L Im Height of Portico
. Young Modulus Strutural Steel NBR
E 210 GPa 8261:1983
Yield Tension m this estractural steel NBR
o 270 MPa §261:1983

Table 2 Values of beam frequencies for severall daices using Rayleigh Method.

LOAD (kN) FREQUENCIES
(Hz)
-280 3.9
-210 154
-140 21.4
-70 26.1
0 30.0
70 33.5
140 36.6
210 39.9
280 42.3

Observing Tab.2, we should apply compression atitia axial forces larger than 100 kN to avoid theonance

range.
In Fig.8 we have the curve of Rayleigh Method. Wie see that as we increase the axial force thealdtequency

also increases.
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Figure 8 Axial force vs frequencies for beam mo&elyleigh Method.

In Fig.9 we have the FEM model, whose behavior isaktputhat of the Rayleigh Method, except at thepof
resonance. One should observe that without axieéfthe beam is in the resonance range.

For the portal frame, we analyze several axial ®rcembinations, as shown Tab.4. The best combmasio
FMHED.
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Figure 9 Axial force vs frequencies for the beanMAfEodel.
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Table 3 Data for the planar portal frame, rectdengorofile 60x60mm.

Greatness Values Description
A (60X60) 1.0598%x10 *m” Cross Section Area
| (60X60) 5.4230x10 "m* Area Inertial Moment
m (60x60) 8.27kg/m Linear Densit
A (80x80) 1.4719x10 °m? Cross Section Area
| (80x80) 1.3895x10 °m* Area Inertial Moment
m (80x80) 11.48kg/m Linear Densit
A (profile I) 1.05x10°m’ Cross Section Area
| (profilel) 1.04x10 °m’ Area Inertial Moment
(profile I)  8.19kg/m Linear Densit
0 7800 kg/m’ Specifc Mass 52%t£Uf;lg§I Steel 1020 NBR
L 2m Length of Beam and Portico
L 1m Height of Portico
Young Modulus  Strutural Steel NBR
E 210 GPa ° 8261:1983
Yield Tension in this estractural steel NBR
oy 270 MPa 8261:1983

In Tab.4: FMVE/D — axial force applied upon left mght vertical members / FMV- axial force applied bath
vertical member / FMH- axial force applied to th&rinontal member / FMHE/D- axial force applied ke thorizontal
member and to one vertical member, left or rightl,dinally, FEMHED- axial force applied to all meps.

Table 4 Natural frequencies for the planar porinfe, for the several force combinations

Loads(kN) FMVE/D FMV FMH FMHE/D FMHED

-280 16.2 125 132 9.1 1.2
-210 17 145 151 12.7 9.7
-140 17.8 162 164 153 13.6
-70 18.5 177 179 17.3 16.6
0 191 191 191 191 191
70 19.6 203 201 20.6 21.2
140 20.1 214 20.9 21.9 23.2
210 20.5 224 217 23.1 25
280 20.9 234 224 24.2 26.7

Joining results of both Rayleigh Method and FEMtfer beam, we have Tab.5
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Table 5 Comparison between the beam frequenci&apleigh's Method and FEM.

LOAD FEM - FREQUENCIES RAYLEIGH - FREQUENCIES DIFFERENC
(kN) (Hz) (Hz) E %
-280 1.8 3.9 117%
-210 14.6 15.4 5%
-140 20.6 21.4 4%
-70 25.1 26.1 2%
0 29.0 30.0 3%
70 32.4 335 3%
140 355 36.6 3%
210 38.3 39.9 2%
280 40.9 423 3%

As it can be seen in Tab.5, the beam without dgiale has its natural frequency on the resonanugerahat is, 23
to 36 Hz, in both Rayleigh Method and FEM. Therefaranediate intervention is necessary.

Changing the geometric stiffness by means of tle éorce, we change immediately its natural freggyeavoiding
dangerous vibrations. The axial force must be latigen 150 kN, both in the traction and compressionthe FEM
case, and up of 130kN, for the Rayleigh case.

In conclusion, both analysis methods indicate thainges in the geometric stiffness (axial forcqsieg) interferes
immediately in the natural frequency of the beauh planar portal frame.

Thus, application of axial force in a rotating maehbase is a possible strategy to avoid undes&sdnance
conditions.

3 CONCLUSION

In this paper, we have performed the dynamic aiglysa metal beam supporting an unbalanced machimaer
axial forces that modify its geometric stiffnessdatherefore, its natural frequencies, to avoidsjiids resonance
conditions. We computed the natural frequencieth@fbeam for several axial traction and compreskices values.
First, we utilized the Rayleigh’s Method, using dicupolynomial shape function, because these aredme functions
used in the usual FEM beam element. Comparing tinesenethods, the results differ, in the average¥a.

Next, we analyzed a simple portal frame with sedve@mnbinations of applied forces. The most favogabl
combination is when we apply axial forces in allnfers and the same directions.

The study showed that the geometric stiffness leag important influence on the natural frequen@éghese
machine bases. Thus, we conclude that changingabmetric stiffness can be a possible strategynofrol or avoid
resonance conditions, a practical concern of aeivd mechanical engineering.
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