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Abstract. In the present work, we compute the reflection coefficient for immersed laminated plates. We use the spring
boundary conditions for adhesive bonds and model adhesion imperfections reducing the corresponding spring constants.
We develop our formulation with the aid of the invariant embedding technique and, accordingly, it is numerically un-
conditionally stable. We identify the frequencies/angles of incidence that are most sensitive to adhesion flaws. Such
frequencies/angles of incidence are presumably the optimum choices for the inspecting field in adhesive bond ultrasound
evaluations.
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1. INTRODUCTION

The focus of the present work is in the ultrasonic inspection of adhesive bonds. In many cases, degradation of the thin
adhesive layer, rather than of the bulk of the adherents, leads to catastrophic failure. The implementation of a reliable non
destructive evaluation to attest the integrity of such a difficult-to-access region is still an open task.

2. GOVERNING EQUATIONS

2.1 Elastic Layers

It is assumed that the wave fields are time harmonic and, therefore, satisfy the following equations for stress σ and
displacement u in solid layers:

∇σ + ρω2u = 0 (1)

σ = C : ε (2)

ε =
1

2
(∇u+∇uT ) (3)

where C is the elasticity tensor, ε is the strain tensor for small deformations, ρ is the density and ω is the angular
frequency. C and ρ may vary from layer to layer. This formulation is made with the aid of the invariant embedding
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technique (Bellman and Kalaba, 1959). Accordingly, the displacement u and traction t were decomposed into upgoing
and downgoing fields:

u = u1 + u2 (4)

t = t1 + t2 (5)

where the subscript 1 is associated to upgoing fields, positive vertical (z) direction, while the subscript 2 is associated
to downgoing fields, negative vertical (z) direction.

From the exact solution of the elastodynamic equations of motion, the 3x3 matrix operators M1(z), M2(z), Z1 and
Z2 are determined. The operators M1(z) and M2(z) propagate the up and downgoing displacement fields within each
layer:

ūj(z2) = Mj(z2 − z1)ūj(z1), j = 1, 2 (6)

While the local impedance tensors Z1 and Z2, in turn, relate the up and downgoing traction vectors to the respective
displacement fields:

t̄j(z2) = −iωZjūj , j = 1, 2 (7)

where z1 and z2 are the z− axis coordenates of the beggining and the end of a layer, respectively. Further details and
the definitions forMj(z) and Zj for isotropic medium can be found in Leiderman et al. (2005, 2007).

2.2 Adhesive Layers

The thin adhesive layer was treated as infinitesimally thick and replaced by a set of equivalent tangential and normal
springs. This approach is known as the Quasi Static Approximation (QSA) and was apparently first proposed by Baik
and Thompson (1984). This assumption is valid when the inspecting wavelength is much larger than the interfacial layer
thickness and it gives us the following spring boundary conditions:

K[u+ − u−] = t+ (8)

t− = t+ (9)

In the Eq. (8) and (9) the superscript ” + ” indicates the values of the field variables immediately above the interface,
while the superscript ”−” indicates those immediately below. K is a 3x3 diagonal spring matrix where the precise values
of normal and tangencial constants can be written in terms of elastic properties and nominal thickness of the interfacial
layer (Rokhlin and Huang, 1992):

K =

hinterface ×
sint 0 0

0 sint 0
0 0 1/cint

−1

(10)

sint =
1

µinterface
(11)

cint = 2 ∗ µinterface + λinterface (12)

Since its introduction, the QSA has been extensively used in theoretical works to model adhesive bonds and rough
contact interfaces between solids (Golub, 2010; Golub and Boström, 2011; Rokhlin and Huang, 1992; Rajabi and Hashem-
inejad, 2009; Pialucha and Cawley, 1992; Li et al., 1992).

Higher order extension of similar model for thin layer has been recently described in Zakharov (2006) and An et al.
(2013). In the context of the QSA, defective bonds are usually modeled by a reduction in the spring constants (Angel and
Achenbach, 1984).
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3. COMPUTATIONAL PROCEDURE

In this section a recursive algorithm is presented to compute the reflection coefficient at the top of a laminate immersed
in acoustic fluid. To that end, it is desired to work with the surface impedance tensors of the solid. More specifically, the
layered structure is swept in a bottom up fashion, computing the surface impedance tensor G presented in each layer, as
schematically depicted in Fig. 1.

Figure 1. Surface impedance tensor calculation scheme, where G+ is the impedance tensor immediately above the inter-
face and G− immediately bellow

The surface impedance tensor is defined through the relation:

t̄ = −iωGū (13)

In the sense of what is said above, the first step consists of the computation of the surface impedance at the bottom of
the laminate. For an acoustic fluid half-space in which the radiation condition is satisfied at infinity,G = Zf , where Zf

is the fluid local impedance tensor:

Zf =

0 0 0
0 0 0
0 0 Zf

 (14)

Zf =
ρfω

γ
(15)

Since ρf is the fluid density and γ is the fluid wave number in the z (vertical) direction.
At this point, the reflection matrixR that relates the downgoing to the upgoing displacement at the first layer’s bottom

is introduced, so that:

ū1 = Rū2 (16)

solving forR we get:

R = (G−Z1)−1(Z2 −G) (17)

where Z1 and Z2 are the up and downgoing local impedance tensors associated to the solid, respectively.
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In the next step, the surface impedance tensor at the top of the first elastic layer is computed:

G = [Z1M1(h1)RM2(−h1) +Z2][M1(h1)RM2(−h1) + I]−1 (18)

where h1 is the layer thickness.
To represent the thin adhesive layer it is considered an infinitesimally thick distribution of normal and tangential

springs on the top of the first layer. In that sense, the Eqs. (8) and (9) are used to compute:

G+ = (I − iωGK−1)−1G (19)

where I is the identity matrix andK is the spring matrix associated to the interfacial adhesive layer. G+ is the surface
impedance presented in the second elastic layer.

Equations (17) – (19) can be used recursively to determine the surface impedance presented to the upper fluid half-
space. Then, this can be used to compute the reflection at the laminate’s top. First, we define the reflection coefficient
as:

r =
w̄1

w̄2
(20)

where w̄2 is the normal component of the incident displacement field, while w̄1 is the normal component of the
reflected displacement field. Since there are only P-waves propagating in the fluid half-space, the other in-plane compo-
nent of the displacement field can be computed from the normal one, if desired. The classic boundary conditions at the
solid/fluid interface are:

t− = t+ = −p̄n (21)

w̄+ = w̄− (22)

where p̄ is the pressure in the fluid that can be computed as p̄ = −iωZf (w̄+
2 − w̄

+
1 ) and n is the outward unit vector

in the z direction. From the equations above, the following relation can be written:

[G+Zf ]ū− =
[
0 0 2Zf w̄

+
2

]T
(23)

Recall that Zf and Zf were previously defined in the beginning of this section. r can then be straightforwardly
computed as r = w̄− − 1 by solving Eq. (23) with w̄+

2 = 1.

4. RESULTS AND DISCUSSION

We illustrate the application of the proposed methodology computing the reflection coefficient of a three-layer plate
immersed in water. The plate is made of a stainless steel layer with 2cm thickness, an aluminium layer with 3cm thickness,
and a copper layer with 10cm thickness (from the bottom up). In addition, there is an epoxy layer with 100µm nominal
thickness between each pair of constituent layers, acting as adhesive. We give in Tab. 1 the wave speeds and density for
each constituent layer, as well as for the epoxy.

Table 1. Mechanical properties of constituent materials.

Material Density (kg/m3) P-wave speed (m/s) S-wave speed (m/s)
Aluminium 2700 6320 3130

Copper 8930 4660 2160
Epoxy 1200 2150 1030

Stainless Steel 7750 5564 3120
Water 1000 1480 0

Figure 2 shows the reflection coefficient as function of the angle of incidence for 102.8kHz. The continuous line is
related the flawless laminated plate, while the dashed line is related to a reduced interfacial stiffness xx component of the
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interface between the stainless steel and aluminum layers. We reduced the interfacial stiffness’s xx component in order
to model a kissing bond. The figure shows that 4.1o would be a good choice for the angle of incidence.

Figure 2. Reflection coefficient as function of the angle of incidence for defect in the first adhesive layer. (a) 80% of
original stiffness. (b) 60% of original stiffness. (c) 40% of original stiffness. (d) 20% of original stiffness.

Figure 3 shows the reflection coefficient as function of the angle of incidence for 96.5kHz. Analogously to Fig. 2, the
continuous line is related the flawless laminated plate, while the dashed line is related to a reduced interfacial stiffness xx
component of the interface between the aluminium and copper layers. The figure shows that 9o would be a good choice
for the angle of incidence.
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Figure 3. Reflection coefficient as function of the angle of incidence for defect in the second adhesive layer. (a) 80% of
original stiffness. (b) 60% of original stiffness. (c) 40% of original stiffness. (d) 20% of original stiffness.

5. CONCLUSIONS

In the present work, we computed the reflection coefficient for an adhesively bonded three-layer plate immersed in
water. In addition, we identified the frequencies/angles of incidence that are most sensitive to adhesion flaws. Those are
presumably the optimum choices for the inspecting field in adhesive bond ultrasound evaluations.
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