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Abstract. Beyond the flutter velocity, a nonlinear aeroelastic system can oscillate in a limit cycle condition. With vibra-
tions reaching higher angles of attack, nonlinear aerodynamic effects like dynamic stall become relevant and dominant.
The modeling of structural and aerodynamic effects during stall-induced oscillations is crucial for understanding the
phenomenon. In this sense, the present work proposes an investigation on the influence of structural nonlinearities on the
aeroelastic behavior of a pitching airfoil. A computational model which couples the equation of motion for a typical sec-
tion with the Beddoes-Leishman model for unsteady aerodynamics is employed. The model is validated and the behavior
of the system is analyzed by considering a pitch spring with stiffness represented by hardening, softening, and freeplay
nonlinear effects. It was concluded that structural stiffness can affect the flutter onset velocity and the behavior of the
stall-induced oscillations as the airspeed varies.
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1. INTRODUCTION

Stall-induced oscillations (SIO) consist of a nonlinear aeroelastic behavior that may occur when a system reaches stall
conditions during dynamic motions. According to aerodynamic and structural properties, the vibrations can have a limit
cycle shape as an effect of the dynamic stall. In these cases, aerodynamic loads are influenced by some events observed
in the flow past the airfoil, such as the vortex shedding from the leading edge, the separation of the flow from the airfoil
trailing edge or the delay observed between the angle of attack when the flow separates from the aerodynamic surface and
the angle when reattachment occurs (McCroskey, 1981).

Helicopter rotors or blades of wind turbines are examples of aeroelastic systems where SIO can be observed (Conlisk,
1997; Leishman, 2002; Hansen, 2015). However, vibrations can reduce the performance and the fatigue life of the ma-
chines where they occur. This problem has motivated the research on aerodynamic models able to capture dynamic stall
features. To avoid high computational costs, commonly associated with analysis based on computational fluid dynamics
(CFD), the helicopter industry has developed semi-empirical approaches, such as the Beddoes-Leishman (Leishman and
Beddoes, 1986) and the ONERA (Petot, 1989) models. These models require the adjustment of certain empirical constants
extracted from airfoil data.

Recently, SIO have been investigated as a key to the development of energy harvesters (Chen et al., 2014; Onoue
et al., 2015). When considering the operational regime for such harvesters not only high Mach numbers need to be taken
into account but also low wind speeds. Some work has been developed in order to apply the Beddoes-Leishman model
to the modeling of low speed prescribed oscillations (Sheng et al., 2006) or to the analysis of SIO by considering a linear
structural stiffness for plunge and pitch motions (Song et al., 2011).

From the viewpoint of structural modeling, typical aeroelastic sections are usually employed in two-dimensional
analysis (Bichiou et al., 2016; Sarkar and Bijl, 2008). On the other hand, nonlinearities related to structural effects need
to be taken into account. Hardening, softening, freeplay or hysteresis from the stiffness behavior can influence the flutter
onset velocity, the amplitudes and the frequencies of oscillations (Marques et al., 2015).

In this sense, the present work proposes the modeling of SIO at low wind speeds by considering one degree of freedom
and accounting for the effects of different nonlinear torsional springs. The computational model is based on the equation
of motion for a pitching typical aeroelastic section with aerodynamic coefficients given by the Beddoes-Leishman model
in state space representation.
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2. METHODOLOGY

Aeroelastic analysis for SIO with one degree of freedom is based on the solution of the equation of motion for a
pitching airfoil, that is:

Iαα̈+KαF (α) =Mea , (1)

where Iα denotes the moment of inertia of the system in relation to the elastic axis, α is the instantaneous angle of attack,
F (α) is a function describing how the torsional stiffness varies with the angle of attack and Mea(t) is the aerodynamic
moment in relation to the elastic axis at each instant of time t.

Dimensionless parameters can be adopted being the mass ratio µ = 4m/(πρc2), where ρ is the air density, c is
the airfoil chord length and m is its mass; the radius of gyration r2α = 4Iα/(mc

2); the natural frequency of pitching
ωα =

√
Kα/Iα and the aerodynamic moment coefficient at the elastic axis Cmea = 2Mea/(ρV

2c2), where V is the
freestream velocity. By doing so, Eq. (1) becomes:

α̈+ ω2
αF (α) =

8V 2Cmea
πµr2αc

2
(2)

The aerodynamic coefficient is given for each instant through the Beddoes-Leishman model in state space formulation,
which uses eight states to represent the attached flow condition:

{ẋ} = [A] {x}+ [B]

{
α
q

}
, (3)

{
Cpn
Cpm

}
= [C] {x}+ [D]

{
α
q

}
, (4)

where Cpn and Cpm are the coefficients for normal force and aerodynamic moment at the quarter chord, respectively, under
fully attached flow. {x} is the vector with the aerodynamic states, [A] is a diagonal state matrix, [B] is the input matrix, [C]
is the output matrix and [D] is the feedthrough matrix. Such matrices are known from the scientific literature (Leishman
and Crouse, 1989; Chantharasenawong, 2007; dos Santos et al., 2017).

Moreover, other four states are defined to contribute to the resultant loads by expressing mathematically the physical
phenomena associated with the dynamic stall behavior: one state is related to the delay in the normal force in relation to
that expected linearly; two states are associated with the leading edge flow separation; and one state models the vortex
shedding from the leading edge.

The lag on the normal force coefficient is modeled in a state space representation with the dependence on a time
constant Tp:

ẋ9 =

(
2V

c

)
−x9 + Cpn

TP
, (5)

C∗n(t) = x9 . (6)

Under stationary conditions, Leishman and Beddoes (1989) presented an empirical approach to determine the fraction
f of the airfoil where the flow is attached, that is:

f(α̂) =

1− 0.3e
|α̂|−α1
s1 se |α̂| ≤ α1

0.04− 0.66e
α1−|α̂|
s2 se |α̂| > α1

, (7)

where α1 is an angle defined when f = 0.7, s1 and s2 are empirical constants and α̂ is a dummy variable to represent a
generic angle.

Dynamically, the flow separation from the leading edge is also delayed in relation to the stationary condition. The
state x10 calculates the lagged separation point as function of an effective angle of attack given by the delayed normal
force coefficient according to:

ẋ10 =

(
2V

c

) −x10 + f
(
C∗n
Cnα

)
Tf

, (8)

f1(t) = x10 , (9)

where Tf is a empirical time constant and Cnα is the slope of the curve for normal force coefficient per angle of attack
under stationary conditions.
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The delayed normal force coefficient is also used to trigger the vortex shedding phase. The model considers that this
phase starts when |C∗n(t)| ≥ Cn1

, with Cn1
being the value of Cn at the eminence of stall under stationary conditions.

Therefore, a dimensionless counter τv is established and increases with the dimensionless time 2V t/c. In state space
representation the normal force coefficient due to the vortex shedding phase is given by:

ẋ11 =

(
2V

c

)
−x11 + Ċv

Tv
, (10)

Cvn(t) = x11 , (11)

where Tv is a time constant and:

Cv =

{
Ccn[1− 0.25(1 +

√
f1)

2] , if τv ≤ 2Tvl

0 , if τv > 2Tvl ,
(12)

with Tvl being an empirical time constant defined as the dimensionless time needed to the vortex to travel from the airfoil
leading edge to its trailing edge.

Such phenomenon also influences the moment coefficient at the quarter chord according to the empirical representa-
tion:

Cvm(t) = −0.25
[
1− cos

(
πτv
Tvl

)]
Cvn . (13)

During the vortex shedding phase the parameters Tf , Tv and α1 are modified for a better representation of the dynamic
stall (Chantharasenawong, 2007; dos Santos et al., 2017):

Tf =


Tf0 if 0 ≤ τv ≤ Tvl and αα̇ ≥ 0
1
3Tf0 if Tvl < τv ≤ 2Tvl and αα̇ ≥ 0
1
2Tf0 if 0 ≤ τv ≤ 2Tvl and αα̇ < 0

4Tf0 if 2Tvl < τv

, (14)

Tv =


Tv0 if 0 ≤ τv ≤ Tvl and αα̇ ≥ 0

0.25Tv0 if Tvl < τv ≤ 2Tvl and αα̇ ≥ 0

0.5Tv0 if 0 ≤ τv ≤ 2Tvl and αα̇ < 0

0.9Tv0 if 2Tvl < τv

, (15)

α1 =

{
α10 if αα̇ ≥ 0

α10 − [1− fa(t)]0.25δα1
if αα̇ < 0

, (16)

where the subscript 0 denotes the value of each parameter before the vortex shedding and δα1
is the maximum reduction

in α1 during this phase.
The reattachment phase is triggered when |C ′n(t)| < Cn1 and |α(t)| is decreasing. From this moment, α1 = α10 ,

Tv = Tv0 , and Tf is given by:

Tf =

{
Tf0 if fa(t) ≥ 0.7

2Tf0 if fa(t) < 0.7
. (17)

Another state related to the flow separation is required for a better representation of the dynamic stall. Such state
considers the instantaneous angle of attack according to the state space representation:

ẋ12 =

(
2V

c

)
−2x12 + 2f(α)

Tf0
, (18)

f2(t) = x12 . (19)

If a parameter f̂ is defined as f̂ = max[f1(t), f2(t)], the parcels of aerodynamic coefficients due to the flow separation
from the trailing edge are given by:Cfn(t) = Ccn(t)

(
1+
√
f1

2

)2
Cfm(t) =

{
K0 +K1(1− f̂) +K2 sin[π(f̂)

m]
}
Ccn(t) + Cm0

, (20)
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where m = 2, K0, K1 and K2 are empirical constants that match the moment coefficient per angle of attack under sta-
tionary conditions, Cm0

is the value of the moment coefficient in the absence of normal force and Ccn(t) is the circulatory
component of the normal force.

Summing up the contributions for each flow event during unsteady motions, the normal force coefficient results in:
Cn(t) = Cpn(t) − Ccn(t) + Cfn(t) + Cvn(t) and the aerodynamic moment coefficient at the quarter chord is given by:
Cm(t) = Cpm(t) + Cfm(t) + Cvm(t). At the elastic axis, the aerodynamic moment is such that:

Cmea(t) = Cm(t) + Cn(t)(xea − xca) , (21)

where xea is the percentage of the chord length where the elastic axis is located and xca is the position of the aerodynamic
center, here taken as 0.25.

Values for all empirical parameters in the Beddoes-Leishman model can be found in the literature for the NACA 0012
airfoil (Leishman and Beddoes, 1986; dos Santos et al., 2017).

3. RESULTS AND DISCUSSIONS

The aeroelastic model was validated by comparing its results with those found in the scientific literature (Vasconcellos
et al., 2016). The analyzed system consists of a NACA 0012 airfoil with a chord length of 0.265 m and elastic axis at
34% of the chord length. The restoring moment from the spring was considered as KαF (α) = 6.58α3 + 1.65α (Nm)
and the parameter r2αµ = 5.14. Figure 1(a) shows the Hopf bifurcation for computational and experimental results. A
good agreement between the values predicted by the model and those measured in the wind tunnel test can be observed.
Minor differences are observed between 11 – 12 m/s which can be explained by effects of dynamic damping that were
not taken into account in the model. In special, near to 12 m/s, there is a transition from non-symmetrical to symmetrical
oscillations around the α = 0◦–axis according to experimental results. Computationally, the same behavior is observed
near to 11 m/s. Figure 1(b) makes clear the change of non-symmetrical to symmetrical oscillations around α = 0◦ by
analyzing the mean angle of vibration and the total amplitude of motion (from maximum to minimum angle of attack).
Another jump in SIO amplitudes is observed near to 12 m/s.
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Figure 1. Comparison of the computational model with experimental results.

With the model validated, different nonlinear springs were selected for SIO analyses. The simulations adopted a
system with an airfoil NACA 0012 with chord length of 0.25 m, elastic axis at 30% of the chord length, ωα = 1.8 Hz
and r2αµ = 5. A linear stiffness with F (α) = α, a hardening stiffness with F (α) = 0.2α3 + α, a softening spring with
F (α) = −0.1α3 + α and three different freeplay stiffness were considered. The freeplay nonlinearity is associated with
the function (Vasconcellos et al., 2012):

F (α) = 0.5 {1− tanh[ε(α+ δ)]} (α+ δ) + 0.5 {1 + tanh[ε(α− δ)]} (α− δ) , (22)

where δ denotes the freeplay boundary region, and ε determines the smoothness of the function, here chosen as 10000.
Figure 2(a) considers δ = 5◦ to illustrate the function F (α) which represents freeplay stiffness and Fig. 2(b) indicates

F (α) for hardening and softening nonlinearities compared with the function F (α) in the linear case. Figure 3 shows
Hopf bifurcations by considering the different springs. The Hopf bifurcation indicates the maximum and the minimum
values of α during limit cycle oscillations. It can be observed that the linear and the cubic springs impose the same flutter
onset velocity to the system when limit cycle oscillations begin. However, the freeplay nonlinearity reduces the flutter
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velocity and before the flutter onset the angle where the system reaches its equilibrium increases as the freestream velocity
increases.
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Figure 2. Characterization of the nonlinear springs.
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Figure 3. Hopf bifurcations for different nonlinear springs.

Two jumps in amplitudes can be observed. The first usually occurs at the frontier between symmetrical and asymmet-
rical oscillations around α = 0◦. The second jump occurs when the amplitude of oscillation reaches about 20◦. Physical
events associated with such behavior can be investigated by analyzing phase portraits of the motions. Figure 4 shows the
phase portraits in four wind speeds for the different springs analyzed in Fig. 3. The freestream velocity of 6.5m/s defines
the frontier between symmetrical and asymmetrical oscillations around α = 0◦ for the system with a freeplay spring. At
this velocity, the systems with other springs have damped oscillations. At the wind speed of 7.1 m/s, there is the second
jump in amplitudes for the system with freeplay stiffness and the first jump for other springs. When comparing the phase
portraits for the velocities of 7.1 and 7.7 m/s it is clear that the systems had enough energy to modify their oscillatory
behavior. By observing the phase portrait for V = 7.7 m/s one can conclude that linear and hardening springs impose
restoring moments able to retard the second jump of the system. On the other hand, the systems with softening and
freeplay nonlinearities had energy enough to increase their amplitudes of oscillation. This fact reinforces the relevance of
structural nonlinearities on SIO. At V = 10 m/s, all systems have similar phase portraits. Differences in the amplitudes
of oscillation are related to the restoring moment that each spring imposes to the system at high angles of attack.

It can be observed that the freeplay nonlinearity anticipates the motion observed for other springs at higher wind
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Figure 4. Phase portraits for different freestream velocities and springs.

speeds. Such behavior can be associated with the lower stiffness during the freeplay boundary region. To investigate this
hypothesis, different freeplay springs were analyzed by varying the value of δ. Figure 5 presents the Hopf bifurcations
for δ values of 1◦, 2◦ and 5◦. It is observed that the flutter velocity decreases as the freeplay boundary region increases.
Moreover, the equilibrium position before the flutter onset reaches higher angles as the value of δ increases and higher
amplitudes of motion are attained which confirms the influence of the freeplay boundary region on the SIO behavior.
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Figure 5. Hopf bifurcations for different pitch springs with freeplay.
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4. CONCLUSIONS

The present work uses an aeroelastic model based on the equation of motion for a pitching typical section coupled
to the Beddoes-Leishman model for unsteady aerodynamics, which considers dynamic stall effects at high angles of
attack. The model was validated by comparing computational results with experimental data and analyses of stall-induced
oscillations were performed by considering different nonlinear springs. It was observed that structural nonlinearities can
influence the amplitude of the oscillations and the wind speeds where these amplitudes suddenly change. Most significant
influences of structural properties on the aeroelastic behavior of the system are related to the freeplay nonlinearity which
reduces the flutter velocity and the equilibrium position of the system before the flutter onset. In conclusion, structural
nonlinearities are determinant on the behavior of stall-induced oscillations.
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