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Abstract. There are different techniques for the problem of identifying systems, many are based on the least squares
method and error reduction rate. In this paper meta-heuristics based system identification method are studied to automat-
ically construct NARX models of nonlinear systems of unknown structure from observations of inputs and outputs. The
meta-heuristics investigated to system identification are: Genetic Algorithm (GA), Particle Swarm Optimization (PSO),
and Bat Algorithm (BA). A case study is identified to demonstrate the effectiveness of the meta-heuristics to compare it
with traditional identification techniques.
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1. INTRODUCTION

There are two method to represent a physical phenomenon based on mathematical models: the model constructed
from physical equations that govern the phenomenon or observed data-based identification process.

Systems identification is an area that studies ways of modeling and analyzing systems from observed data (Aguirre,
2015). The model of a system is a mathematical equation used to answer questions about the system without the need to
perform experiments (through a model we can calculate or decide how the system behaves) (Coelho and Coelho, 2015).

Models are classified in two types linear or nonlinear. In industry, most systems use approximate linear models of the
processes they desire to control. The use of control techniques based on linear models is due in part to the simplicity of the
models used to represent the behavior of the process. Linear systems do not exist in practice since all physical systems are
nonlinear in some way (Golnaraghi and Kuo, 2012). In contrast, nonlinear control schemes, desire employ more realistic
and therefore more complex models, replace the simplicity associated with linear techniques. Nonlinear models allow a
more accurate "image" of the process when it is necessary.

There is a wide variety of nonlinear representations used in the systems identification, for example, Volterra series, the
Hammerstein models and Wiener models. A practical difficulty in applying these representations to systems is that the
number of parameters to be determined is very large (Aguirre, 2015).

In general, more concise models are desirable. For this reason, the NARX model (Nonlinear AutoRegressive with
eXogenous inputs) was developed, which can represent a wide class of nonlinear systems with a small number of param-
eters (Chen and Billings, 1989; Leontaritis and Billings, 1985; Li and Jeon, 1993).

NARX models are linear in parameters and are functions of past inputs and outputs.

y(k) = Flly(k = 1),y(k = 2),...,y(k —ny),...,u(k —d),...u(t —d —ny,)] + e(k) (1)

where [ is the degree of nonlinearity, v is the input, y is the output, d is the time delay, n,, and n, are the orders in the
input and output respectively, and e(k) is the prediction error.
The number of terms can be determined by the following expression (Korenberg et al., 1988):

ng=M+1

l
M = Zizl.ni (2)
nia(ny +n,+i—1)

P =

,ng =1
i

where ny is the number of terms in the model. In fact, ny increases sufficiently with the increase of the degree of
nonlinearity [ and of the orders n, and n,,, becoming impracticable in some cases.
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Fu and Li (2013) explain that there are several methods for the structure selection of mathematical models and that
are divided into classical methods, based mainly on the algorithms of least squares method, correlation function and error
reduction rate, and modern methods that use techniques of artificial neural networks, fuzzy logic, genetic algorithms,
among others. For example, Li and Jeon (1993) applied the genetic algorithm in the selection of NARX model structure
for systems identification.

In this paper meta-heuristics based system identification method are studied to automatically construct NARX models
of nonlinear systems of unknown structure from observations of inputs and outputs. The meta-heuristics investigated
to system identification are the Genetic Algorithm (GA), the Particle Swarm Optimization (PSO), and the Bat Algorithm
(BA). A practical example is identified to demonstrate the effectiveness of the meta-heuristics to compare it with traditional
identification techniques.

2. META-HEURISTICS APPLIED TO SYSTEM IDENTIFICATION

Meta-heuristics use a combination of random choices and the history of past results to conduct searches in the neigh-
borhood of the search space, which reduces the possibility to stop in local minimums (Severino et al., 2016).

We can understand the application of meta-heuristics in the structures selection of NARX models as a representation
problem. In general, meta-heuristics use decimal and binary numbers, however, it is possible to apply different represen-
tations, such as string, sets of rules. In the case studied, the binary and decimal bases are more adequate.

According to the values of the delays n, and n, and the degree of nonlinearity [ is generated the set of possible
regressors. For example, for n, = n, = 4 and | = 2, a total of 44 candidate terms are obtained and 16383 structures of
model possible. Thus, in this case, each candidate solution will be represented by a binary vector with 44 elements. The
inclusion or exclusion of a term will be defined by the presence of the number 0 and 1 in each position of a given candidate
solution of the meta-heuristic. If the term does not belong to the structure of the model will be associated the number 0
to the position corresponding to that term in the solution found by the meta-heuristic, and if it belongs, the number 1 will
be associated. Thus, a binary vector with length equal to the number of candidate terms will inform which regressors will
compose the model structure.

The meta-heuristic is responsible for generating and recalculating a set of binary vectors, in other words, the possible
structures of the model to be identified. Once the method has been executed, it will select the most suitable model for the
applied system.

The decimal base can also be used, for this, it is necessary the decimal-binary and binary-decimal conversion. Instead
of binary vectors, integer numbers belonging to the range [1,2™¢ — 1] are used.

For example, for n, = n, = 2 and [ = 2, we obtain the set of regressors with 14 terms. If the meta-heuristic indicates
as the solution i = 2093, this means that the terms {u?(k — 1), y(k — 1)y(k —2), u(k —2), u(k —1), y(k — 1)} would
compose the structure of the model, because 209319 — 001000001011015 as shown in the Figure 1.
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Figure 1: Set of candidate terms.
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During the selection of the structure by the meta-heuristic, each member of the set of possible solutions (or possible
structures) has its parameters estimated by the method of least squares, see Aguirre (2015, chap. 5). The parameters are
then validated and each member is evaluated by the evaluation function. In this work, as can be seen in Equation 3, the
evaluation function used in the meta-heuristic was Akaike’s information criterion (Akaike, 1974):

fo=AIC(ng) = Nln[ofrro(ng)] + 2ny 3)

where N is the length value of the collected data, 02, is the residue variance and ng is the number of parameters in the
model.

Thus, from the binary coding system to represent the structure of NARX models, we can generalize the application of
the meta-heuristics by the following steps:
Define n,, n,, and [, generate the candidate terms and read the data collected from the system.
Inform the number of binary vectors, number of executions and each parameter of the meta-heuristic.
Generate the initial set of solutions.

Evaluate the set of solutions.

A

If the maximum number of executions is reached, finalize the algorithm and inform the best model found. Other-
wise, go to the next step.

6. Recalculate the set of solutions using the search strategies of the meta-heuristic, return to step 4.

The meta-heuristics GA, PSO and BA implemented in this work follow the classical algorithms Holland (1975), Eber-
hart e al. (1995) and Yang (2010), as described in Severino et al. (2016).

3. ELETRIC HEATER

The data used were collected of a thermoelectric system in which the input is the applied electrical voltage (p.u.) and
the output is the measured electrical voltage at the terminals of a thermocouple (p.u.). The input signal is of the PRS
type with a mean of 0.5 p.u., in which 1 p.u. corresponding to 136 V at the input voltage and at 998.51°C at the output
temperature (Cassini, 1999).

The data was divided into two distinct sets, see Figure 2, the first one will be used for parameter estimation, while the
second will be used for model validation. (Source: Cassini (1999) - data set <din3>).
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Figure 2: Data used in identification.

Cassini (1999) obtained the following model NARX (Equation) for n, = n, =2 and [ = 3.

y(k) = 1.3307y(k — 1) — 0.3975y(k — 2) — 0.1771y2(k — 1) + 0.0896y(k — 1)u(k — 1)
—0.600y(k — 1)u(k — 2) — 0.0250y(k — 2)u(k — 1) + 0.0315u>(k — 1)
+0.0120u(k — Dyu(k — 2) — 0.3481y3(k — 1) — 1.043y2(k — Du(k — 1) @)
+0.5037y2(k — 1)u(k — 2) + 0.8896y(k — 1)y(k — 2)u(—1) + 0.4793y3(k — 2)
—0.2768y%(k — 2)u(k — 2) + 0.0046u3 (k — 1)
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The linear terms of noise proposed by Cassini (1999) were used to minimize the polarization of the estimated pa-
rameters so that for simulation criteria they can be omitted. The use of [ > 3, n,, > 2 and n,, > 2 may be considered
unnecessary for the system identified herein because of its low degree of nonlinearity.

4. RESULTS

Each execution of the meta-heuristics contained a set of 30 possible solutions, calculated over 50 iterations. The meta-
heuristics were applied the same set of possible initial solutions, where each member contains only one of the candidate
terms: the first member receives the first term, the second member receives the second term, etc. If the number of terms
was greater than the number of possible solutions, then the process is repeated from the initial term.

The values of the parameters of the metaheuristics (Table 1) were defined through a series of tests and observations
until their values were considered adequate, in other words, the parameters were configured empirically.

Table 1: Parameters for each meta-heuristic

Meta-heuristic Parameter

GA tmut | 0.5%

w 0.10

PSO o1 1.40

P2 1.40

fmin | 0.00

BA fmaz | 0.04

«@ 0.20

¥ 0.20

The initial velocities of the PSO and BA were defined as 0, it means the particles and bats are initially stopped; in
addition, the rate r( of pulse emission and the loudness Aq of the BA had their values set at 0.1 and 2, respectively.

The NARX models, for n, = 2, n,, = 2 and [ = 3, obtained by GA, PSO and BA are given by Equations 5, 6 and 7,
respectively.

y(k) = 1.4228y(k — 1) — 0.4600y(k — 2) — 0.0049y(k — 1)u(k — 2) 4 0.0144u2(k — 1) )
+0.0059u2(k — 2) + 0.0012u(k — 1)u(k — 2)

y(k) = 1.398Ty(k — 1) — 0.4396y(k — 2) + 0.0015u(k — 2) + 0.0293y(k — 1)u(k — 1) ©
—0.0282y(k — 2)u(k — 2) + 0.0103u?(k — 1) + 0.0087u?(k — 2)

y(k) = 1.3755y(k — 1) — 0.4165y(k — 2) 4 0.0020u(k — 2) — 0.0134y(k — 1)y(k — 2)
+0.0078y(k — 1)u(k — 1) + 0.0823y(k — 1)u(k — 2) — 0.0810y(k — 2)u(k — 2) 7
+0.0099u2(k — 1) + 0.0071u(k — 1)u(k — 2)

The error, e(k) = y(k) — §(k), obtained by each of the models is shown in the Figure 3
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Figure 3: Difference between actual and estimated output.

To make possible a better distinction between the errors obtained by the GA, PSO and BA models, Figure 4 details the
curves contained in Figure 3, the error presented by the Cassini (1999) model has a larger amplitude, therefore the same

was not included.
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Figure 4: The error curves of the models
obtained by the meta-heuristics in detail.

Figure 5: The evolution of the AIC value
for the best solution found by the meta-
heuristic at each iteration.

As a comparison criterion, the sum of the squares of the difference between the observed and estimated values, given
by the equation below, was calculated.

N
Jo =S Tyk) — (k)

k=1

®)

where NV is equal to the number of samples.

Each execution registers the number of model structures that have been visited by meta-heuristics, called n;. The
maximum value of ng is equal to 2"~ — 1, where n,. is the number of possible regressors. We can calculate the percentage
of the search space that was traversed by the meta-heuristic, called n,, , based n;.

Table 2 contains the AIC, J., ng, ns and n,,, values for each model evaluated.

Table 2: Evaluation indices.

Model AIC Je ng Ng Ty,
Cassini | —1.396336 x 10* | 2.050185 x 102 | 15 - -
GA —1.754273 x 10* | 1.123215x 1073 | 6 | 686 | 3.99 x 10~8%
PSO | —1.756827 x 10% | 1.096015 x 10~ | 7 | 945 | 5.50 x 10~%%
BA —1.755865 x 10* | 1.100920 x 103 | 9 | 1287 | 7.49 x 10~8%

According to Figures 3 and 4, and Table 2, we can affirm that the models found by metaheuristics have a lower level
of error. The model estimated by the PSO is the one with the best performance, however, the other two meta-heuristics
obtained AIC and J, values very close to the PSO.

Observing the number of regressors of the selected models, the estimated by GA was the model with the lowest number
of terms, 6 regressors in total, a number almost 3 times smaller than the model proposed by Cassini (1999). Both the PSO
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and BA found models with 7 and 9 regressors, respectively. With regard to the linearity of the terms, the GA found a
model with 3 linear terms and 2 nonlinear terms (three quadratic and one cubic). The PSO defined a model with 3 linear
terms and 4 nonlinear (all quadratic) terms. The BA selected a model with 3 linear and 6 nonlinear terms (all quadratic).

With respect to the evolution of the AIC value (Figure 5), the PSO and BA show an abrupt decrease compared to the
GA. In the first iterations, the PSO and BA already found models with AIC values very close to the final models presented,
behavior that occurred more slowly in GA. However, this does not mean that the previous models had the same structure
as the final models.

5. CONCLUSION

In this work, the meta-heuristics known as genetic algorithm, particle swarm optimization, and bat algorithm were
applied in the problem of the structures selection for NARX model in the identification of a nonlinear system. The
performance of these meta-heuristics was compared with the model proposed by Cassini (1999) for the modeling of
an electric heater. The error presented by the models found by these techniques are smaller than the model obtained
by Cassini (1999). The best model analyzed was found by the PSO, however, the models selected by the GA and the BA
presented results very close to the PSO. With regard to the number of terms, the best result was that of GA, which obtained
a model with only 6 regressors, but among the analyzed models it was the one with the highest nonlinearity (! = 3). Thus,
the results demonstrate that meta-heuristics are efficient strategies in solving the problem of the selection of structures for
NARX models. In future works, other meta-heuristics can be considered with the objective of making better comparisons
between the traditional techniques applied in the selection of model structures. As well as analyzing the use of different
evaluation functions for the studied problem.
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