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Abstract. The spectral modeling of the thermal radiation in participating media is a research area that has received 
constant attention due to its importance in a great number of engineering problems, especially because the highly 
irregular spectral dependence of the absorption coefficient of a gas with the wavenumber requires the adoption of 
alternative methods to determine the radiative properties. This work brings a numerical study of a one-dimensional 
system, bounded by perfectly diffuse and non-gray walls, filled by a non-homogeneous and non-isothermal mixture of 
water vapor and carbon dioxide. The main objective is to estimate the magnitude of the deviations in treating non-gray 
surfaces as black or gray. The spectral modeling of the problem is performed by the weighted-sum-of-gray-gases 
(WSGG) model and the accuracy of the solution methodology developed is evaluated by means of comparisons against 
the results obtained by line-by-line (LBL) integration. 
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1. INTRODUCTION 
 

Thermal radiation is a very important mechanism of heat transfer in high-temperature processes involving 
participating species, such as water vapor and carbon dioxide. Line-by-line (LBL) integration, although capable of 
providing the most reliable modeling of the spectral behavior of these participating gases, is often impracticable due to 
the elevated computational effort required to account for the thousands of millions of spectral lines that compose the 
absorption coefficient of the medium. Alternatively, some simpler spectral models, as the weighted-sum-of-gray-gases 
(WSGG) model, have been capable of obtaining satisfactory agreement with results of LBL benchmark solution 
(Dorigon et al., 2013; Cassol et al., 2014; Brittes et al., 2017). However, spectral models are traditionally studied for 
problems bounded by black surfaces, although recently the cumulative wavenumber (CW) model was extended for non-
gray walls (Solovjov et al., 2013). In the solution, the wall spectral emissivity was represented by a few step-wise 
values in wide bands that were synchronized with the bands used in the discretization of the CW distribution function. 
Thus, the radiative transfer equation (RTE) was integrated in each band for the solution of the fractional gray gas 
intensity and the results present in the paper were generated for a 1D-medium slab with uniform concentrations of H2O. 
Regarding to the application of the WSGG model to non-black surfaces, the literature relies on the work of Fonseca et 
al., 2015, for gray walls, and with the studies of Fonseca and França, 2016, and Fonseca, 2017, for non-gray walls, all 
considering homogeneous mixtures of water vapor and carbon dioxide. 

In the present paper, the WSGG model is applied to solve the radiative heat transfer in a one-dimensional system 
formed by two infinite flat parallel plates filled by a non-homogeneous mixture of H2O and CO2, for different non-
isothermal temperature profiles. The solution methodology employed is the same that was applied in Fonseca, 2017, but 
with emphasis in problems in which the molar concentrations vary throughout the domain. The main objective of this 
work is to compare previous results of the literature, obtained for black surfaces, with solutions generated assuming 
non-gray boundaries. Additionally, results implementing the WSGG model to non-gray and gray surfaces-bounded 
problems are compared with line-by-line integration applied to problems with non-gray walls, in order to quantify the 
discrepancy in modeling the boundaries as black when they are not. All simulations are performed using an in-house 
Fortran code, in which the spatial integration of the RTE was solved by the discrete ordinate method (DOM) 
considering 30 directions. 
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2. PHYSICAL AND MATHEMATICAL MODELING 
 
2.1 The radiative transfer equation and the LBL integration 

 
Assuming a participating and non-scattering medium, the spectral radiative transfer equation (RTE) along a certain 

path s is given by (Siegel and Howell, 2002; Modest, 2003): 
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in which  is the medium spectral absorption coefficient, in m-1, associated to the wavenumber ; I indicates the 
spectral radiation intensity, in W/(m² cm-1); and Ib represents the blackbody spectral intensity at position s in the path, 
also in W/(m² cm-1). To solve the Eq. (1), is required the definition of one boundary condition, so that, considering a 
perfectly diffuse surface, the spectral radiation intensity at the wall boundary in s = 0 can be calculated according to: 
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where  is wall hemispheric spectral emissivity; I,i is the incident spectral intensity on the wall element within the 
solid angle ; and  is the angle between  and the normal vector to the wall element.  

In the present work, the spectral integration of the RTE is solved for a one-dimensional medium slab bounded by 
two infinite parallel plates, as shown in Fig. 1. The directional integration is performed with the discrete ordinates 
method (DOM), in which the RTE is solved for a set of directions and is used a Gauss-Legendre quadrature to 
determine the continuous integral over the solid angle. For a given direction l, the RTE presented in Eq. (1) can be 

rewritten for the positive and negative spectral intensities, lI
  and lI

 , respectively: 
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in which l is the directional cosine, as shown in Fig. 1. The boundary conditions for the walls to the left (x = 0) and to 
the right (x = X) of the domain are given, respectively, by: 
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where L is the number of discrete directions. For simplicity, in the equations it is assumed that the two surfaces present 
the same spectral distribution of emissivity, although the methodology developed is not restricted to this particular case.  

Solving Eqs. (5) and (6) for all directions and integrating spectrally, the radiative heat flux, "
Rq , in W/m², and the 

radiative heat source, Rq , in W/m³, in the position x can be computed, respectively, according to: 
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Figure 1. Schematic representation of the 1D-domain 
 
2.2 The WSGG model 
 

Proposed by Hottel and Sarofim, 1967, the weighted-sum-of-gray-gases (WSGG) model is a global spectral model 
in which the radiation spectrum is represented by a small set of gray gases with uniform absorption coefficients plus the 
transparent windows (Modest, 2003). In the WSGG model, the fraction of energy of the blackbody, aj(T), emitted in 
each region of the spectrum where the pressure absorption coefficient (p =  / pa, where pa is the partial pressure of 
the absorbing-emitting species) is pj, in (atm m)-1, can be determined by the polynomial function given below (Smith et 
al., 1982): 
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in which bj,k’s are the polynomial coefficients of the k-th order for the j-th gray gas. For the energy to be conserved, the 

temperature dependent coefficient for the transparent windows is calculated as  10 1 J
j ja a T  . In the present work, 

it will be used the WSGG coefficients obtained by Dorigon et al., 2013, for a mixture composed of water vapor and 
carbon dioxide. Besides, for this study, pa = pH2O + pCO2. 

Making use of the probabilistic arguments shown in Cassol et al., 2014, and assuming that, in the WSGG model, the 
gray gases are randomly spread across the spectrum, Fig. 2 shows one spectral hemispherical emissivity distribution of 
a non-gray wall superimposed with the representation of the pressure absorption coefficient of the j-th gray gas. For 
every spectral interval, the probability that the blackbody energy to be emitted from the regions where the pressure 
absorption coefficient is pj is given by aj(T). Analogously, the fraction of the blackbody emission of the spectral 
interval where is the wall emissivity is k can be interpreted as the probability of the blackbody energy to be emitted in 
this spectral band. Thus, the joint probability that the emission of the blackbody, at a temperature T, comes from the 
regions of the spectrum in which the pressure absorption coefficient of the medium is pj and the wall emissivity values 
k is given by: 
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The equation above represents the fraction of the blackbody emissive power that is emitted in the section of the 
radiation spectrum in which the surface emissivity is k, and can be calculated according to: 
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where the fraction of blackbody emissive power, TF  ,0  , can be calculated from Planck’s distribution (Siegel and 

Howell, 2002; Modest, 2003), and k and k-1 are, respectively, the upper and lower limits of the spectral band k. 
Regarding to the radiative transfer equation applied to non-gray boundaries, the intensities in the forward and 

backward directions for the band k, considering only the segments in which the medium pressure absorption 
coefficient is pj, are given, respectively, by: 
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Figure 2. Representation of the regions of spectrum in which the surface emissivity values k and the absorption 
coefficient of the medium is pj. 

 
Assuming the same hypothesis, the boundary conditions for the WSGG model to the left and to the right of the 

domain can be expressed, respectively, by: 
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Finally, the radiative heat flux and the radiative heat source considering the contribution of all bands k and all 

gray gases j (including the transparent windows) can be determined, respectively, according to the following equations: 
 

      
  

 
L

l

J

j

K

k

ljkljkllR xIxIxq
1 1 1

,,
" 2   (16) 

 

             
  

 
L

l

J

j

K

k

bjkljkljklapjR xIxaxIxIxpxq
1 1 1

,,  2 2   (17) 

 
The present study considers a set of cases of non-isothermal and non-homogeneous medium filled by a mixture 

composed of H2O and CO2, with a constant pressure ratio of pH2O/pCO2 = 2. The total pressure of the system is p = 1 atm 
and the partial pressures of the participating species are pH2O = 0.2 atm and pCO2 = 0.1 atm. For all cases analyzed, the 
WSGG coefficients, that were obtained from fitting emittance data computed from LBL integration of HITEMP2010 
database (Rothman et al., 2010), are given in Table 1. The domain consists of two non-gray flat plates, as shown in Fig. 
1, separated by 1 m of distance; the mesh was divided into 200 equal-sized volumes and the RTE is solved for 30 
directions by the discrete ordinates method, using a Gauss-Legendre quadrature. Previous studies show that greater 
refinement of the domain division did not represent significant variations in the solutions (Dorigon et al., 2013; 
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Fonseca, 2017). According to Ziemniczak et al., 2013, four gray gases are sufficient to perform the present analysis, so 
that, as shown in the table below, this study was carried out with j = 4. 

 
Table 1. WSGG coefficients for mixture composed of water vapor and carbon dioxide with pH2O/pCO2 = 2 (Dorigon et 

al., 2013). 
 

j pj (atm m)-1 bj,0 bj,1 (K
-1) bj,2 (K

-2) bj,3 (K
-3) bj,4 (K

-4) 
1 1.921E-01 5.617E-02 7.844E-04 -8.563E-07 4.246E-10 -7.440E-14 
2 1.719E+00  1.426E-01 1.795E-04 -1.077E-08 -6.971E-11 1.774E-14 
3 1.137E+01 1.362E-01 2.574E-04 -3.711E-07 1.575E-10 -2.267E-14 
4 1.110E+02 1.222E-01 -2.327E-05 -7.492E-08 4.275E-11 -6.680E-15 

 
3. RESULTS AND DISCUSSION 
 

To evaluate the accuracy of the methodology developed to apply the WSGG model to media bounded by non-gray 
walls, the solutions are compared against the LBL integration. The following temperature profiles, in K, are considered: 
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As with the temperature, two molar concentrations of CO2 are considered: 
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For water vapor, the molar concentration is the double of carbon dioxide (YH2O = 2YCO2). Figures 3(a) and 3(b) show 

the temperature and concentration profiles, respectively. To generate the results showed in the next sections, Eqs. (18) 
and (20) were employed together, since these expressions present behavior with double symmetry (posteriorly 
referenced as D.S. profile); similarly, Eqs. (19) and (21) also were combined, since these equations do not present 
symmetry (posteriorly referenced as N.S. profile). The partial pressure of the absorbing-emitting species can be 
determined as pa(x) = [YH2O(x) + YCO2(x)]p, in which the ratio YH2O/YCO2 is kept equal to 2.  

 

 
Figure 3. (a) Temperature profiles; (b) CO2 molar concentration profiles 
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The accuracy of the methodology applied is computed by means of the relative deviation between the radiative heat 
fluxes and the radiative heat sources obtained with the WSGG methods and the LBL solution: 
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where  and  are the local deviations of the radiative heat flux and the radiative heat source, respectively; and 

max )( "
,LBLRq  and max )( ,LBLRq  are, respectively, the maximum absolute values of the radiative heat flux and the 

radiative heat source obtained by the LBL integration in each case analyzed. Two deviations will be of interest for the 
analysis performed in this paper: the maximum (max and max) and the average (avg and avg) deviations over the 
domain.  

In the next sections, the results presented consider the problem illustrated in Fig. 1 and, when the surfaces that 
bound the medium are assumed as non-gray, their spectral emissivity is described as a combination of spectral intervals, 
where to each interval is associated a constant emissivity value, as given in Fig. 4. It will be two spectral intervals: one 
consisting of three bands and the other formed of five bands. Conversely, for the gray walls, the constant value adopted 
for the emissivity are computed as an average weighted by the blackbody energy fraction of the spectral intervals that 
compose the non-gray emissivities’s profiles. Solutions considering black boundaries also are presented, and these 
results are already known in the literature. For simplicity, the two surfaces that bound the medium are considered to 
have the same emissivity. The gray surface total emissivity, , is determined by means of a ratio between the spectral 
emissivity and the Planck’s blackbody distribution function at the wall temperature, Tw, according to: 
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Considering the gray assumption, the wall absorptivity is equal to the emissivity wall ( = ). For the black wall case,  
=   = 1. In sections 3.1 and 3.2, it will be given the values of the equivalent emissivities  calculated for each spectral 
distribution considered: this value was used in the calculation of the solution with gray boundaries. Moreover, in this 
paper, it was chosen to present the spectral distributions of the walls’ emissivities in terms of the wavelength  ( = 
1/), instead of the wavenumber, as can be observed in Fig. 4. 
 

 
 

Figure 4. Surface emissivities with three-band and five-band stepwise variation. 
 
3.1 Three spectral intervals 
 

For the case with three bands, it is considered the following spectral intervals for the wall’s emissivities:  = 0.5 for 
  10 m;  = 0.7 for 10 m <   20 m; and  = 0.9 for  > 20 m, as illustrated in Fig. 4. Moreover, the medium is 
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considered to be non-isothermal, varying according to the profile temperatures of the Eqs. (18) and (19), and non-
homogeneous, varying with the molar concentration profiles expressed in Eqs. (20) and (21). It is assumed that the 
medium is formed by a mixture of H2O and CO2, with a constant pressure ratio of pH2O/pCO2 = 2, using, therefore, the 
WSGG coefficients presented in Table 1.  

Combining the double symmetrical profiles (designated by D.S. profile in Table 2), i.e. Eq. (18) for the temperature 

and Eq. (20) for the molar concentration, Figs. 5(a) and 5(b) show the results obtained for the radiative heat flux, "
Rq , 

and the radiative heat source,  dx/dqq "
RR  , respectively, assuming non-gray, gray and black surfaces. As can be seen 

in Figure 5(a), the methodology developed in this work, represented by the WSGG non-gray solution, presents a good 
agreement with the LBL integration throughout the domain, since, according to Table 2, the maximum deviation 
between these two approaches is 2.40% and the average deviation is 1.03%. Besides, Figure 5(a) also shows the results 
for gray and black boundaries, respectively WSGG gray (with 6330.rightleft   ) and WSGG black solutions. It can 

be perceived that, in the regions close to the domain walls, the deviations in relation to the LBL benchmark solution of 
the gray and black curves become more important, reaching maximum values of 10.96% (WSGG gray) and 41.80% 
(WSGG black). Figure 5(b) presents the radiative heat source for all solutions, where it is observed that the deviations 
in relation to the LBL integration of the WSGG model in the three approaches are in the regions close to the walls in 
which the medium temperature is higher. Analogously to that seen in Figure 5(a), the WSGG non-gray solution has a 
good match with the LBL method, once the maximum and average deviations are 3.12% and 1.06%, respectively, as 
shown in Table 2. Comparing with the WSGG gray solution, the maximum deviation found is 5.14%; when confronted 
with the WSGG black solution, the maximum deviation is 15.08%.  

 

 
 

Figure 5. Results for radiative heat transfer considering three spectral intervals and profiles with double symmetry: 
(a) Radiative heat flux; (b) Radiative heat source 

  
Joining the non-symmetrical profiles (designated by N.S. profile in Table 2), i.e. Eq. (19) for the temperature and 

Eq. (21) for the molar concentration, Figs. 6(a) and 6(b) present, respectively, "
Rq  and Rq , for non-gray, gray and 

black walls. Figure 6(a) shows a satisfactory concordance between the radiative heat flux found by the WSGG non-gray 
solution and the LBL integration, seeing that, as presented in Table 2, the maximum and the average deviations for the 
radiative heat flux are, approximately, 3% and 1%, respectively. Regarding to the results for gray and black surfaces, 
also shown in Fig. 6(a), the WSGG gray solution (where 5270.left  and 6330.right  , since Tleft = 880 K and Tright = 

400 K) presents a good agreement over almost the entire domain, except close to the left boundary, where the deviation 
between the two approaches is greater, reaching 11% when compared to the benchmark solution; assuming the wall as 
black, the maximum deviation can reach approximately 45%, with an average deviation of around 30%. The radiative 
heat source, Figure 6(b), presents little discrepancies for solutions with non-gray and gray walls, with maximum values 
of 2.19% and 4.26%, respectively. Although with a smaller order of magnitude than the radiative heat flux considering 

black surfaces (which was almost 45%), Rq , for this approach, shows a maximum deviation of about 16%, according 

to Table 2. 
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Figure 6. Results for radiative heat transfer considering three spectral intervals and profiles without symmetry: (a) 
Radiative heat flux; (b) Radiative heat source 

 
Table 2. Percentage average and maximum deviations for the radiative heat flux and for the radiative heat source, 

comparing the WSGG models against the solution with LBL non-gray for three spectral intervals. 
 

Profile 
LBL non-gray x WSGG non-gray LBL non-gray x WSGG gray LBL non-gray x WSGG black 
max 
(%) 

avg 

(%) 
max 

(%) 
avg 

(%) 
max 

(%) 
avg 

(%) 
max 

(%) 
avg 

(%) 
max 

(%) 
avg 

(%) 
max 

(%) 
avg 

(%) 
D.S. 2.40 1.03 3.12 1.06 10.96 4.65 5.14 1.93 41.80 17.98 15.08 7.37 
N.S. 2.78 1.12 2.19 0.53 11.41 3.88 4.36 1.08 44.92 27.71 15.62 6.59 

 
3.2 Five spectral intervals 
 

Solving the problem considering five bands, it is used the following spectral distribution:  = 0.5 for   10 m;  = 
0.6 for 10 m <   15 m;  = 0.7 for 15 m <   20 m;  = 0.8 for 20 m <   25 m; and  = 0.9 for  > 25 m, 
as shown in Fig. 4. 

Assuming the double symmetrical profiles, Eqs. (18) and (20), Fig. 7(a) presents the radiative heat flux for non-gray, 
gray and black walls. Based on Table 3 and Figure 7(a), the WSGG model applied to non-gray surfaces agrees very 
well with the LBL benchmark solution, since the maximum deviation between the two approaches is 2.30% and the 
average deviation is less than 1%. Although similar to the results presented in the previous section, for the case with 
double symmetry and three spectral intervals, the deviations between the two solutions considering non-gray boundaries 

are even smaller, even if the magnitude of "
Rq  does not seem to change significantly. This fact indicates that the 

solution methodology applied to the problem studied in this work is not very sensitive to the number of regions in 
which the spectrum is divided. Regarding to the methodology applied to gray ( 6010. ) and black surfaces, the 
maximum deviations obtained are, respectively, 8.27% and 42.16% in relation to the LBL integration. For the radiative 
heat source, Figure 7(b), the maximum and average deviations found between the two methods are also smaller than 
those found in Fig. 5(b), corresponding to values of 3% and 1%, respectively. For gray and black walls, the maximum 
deviations are 4.27% and 15.09%, respectively, when compared with Rq obtained with the benchmark solution. 

Figures 8(a) and 8(b) show the radiative heat flux and the radiative heat source, respectively, considering the non-
symmetrical profiles, Eqs. (19) and (21). According to Figure 8(a), there is a good agreement between the results for the 
heat flux obtained with the WSGG model applied to non-gray walls and the LBL integration, because, as can be seen in 
Table 3, the maximum and the average deviations are, respectively, 2.63% and 1.08%. For gray ( 5190.left  and 

6010.right  ) and black boundaries, the maximum deviations found are 8.51% (WSGG gray) and 45.43% (WSGG 

black). Finally, Figure 8(b) and Table 3 show the following maximum deviations in comparison with the LBL solution: 
2.11% (WSGG non-gray), 3.56% (WSGG gray) and 15.71% (WSGG black). 
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Figure 7. Results for radiative heat transfer considering five spectral intervals and profiles with double symmetry: 
(a) Radiative heat flux; (b) Radiative heat source 

 

 
 

Figure 8. Results for radiative heat transfer considering five spectral intervals and profiles without symmetry:: (a) 
Radiative heat flux; (b) Radiative heat source 

 
Table 3. Percentage average and maximum deviations for the radiative heat flux and for the radiative heat source, 

comparing the WSGG models against the solution with LBL non-gray for five spectral intervals. 
 

Profile 
LBL non-gray x WSGG non-gray LBL non-gray x WSGG gray LBL non-gray x WSGG black 
max 
(%) 

avg 

(%) 
max 

(%) 
avg 

(%) 
max 

(%) 
avg 

(%) 
max 

(%) 
avg 

(%) 
max 

(%) 
avg 

(%) 
max 

(%) 
avg 

(%) 
D.S. 2.30 0.99 3.03 1.04 8.27 3.48 4.27 1.47 42.16 18.15 15.09 7.39 
N.S. 2.63 1.08 2.11 0.52 8.51 2.96 3.56 0.84 45.43 28.03 15.71 6.63 

 
4. CONCLUSIONS 
 

In the present study, it was analyzed the radiative heat transfer through the application of the WSGG model to a one-
dimensional, non-isothermal and non-homogeneous slab composed of a mixture of water vapor and carbon dioxide, 
bounded by non-gray walls. The accuracy of the developed methodology (WSGG non-gray solution) was evaluated by 
means of comparisons with the LBL benchmark solution.  
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Application of the WSGG Model to Non-homogeneous H2O/CO2 Mixtures for Media with Non-gray Walls 
 

From the point of view of the simplicity of the WSGG model, the solution methodology is able to satisfactorily 
predict the behavior of the radiative heat flux and the radiative heat source when compared to the results obtained by the 
LBL integration applied to non-gray surfaces, since the maximum deviations found between the two approaches, for all 
cases investigated, did not exceed 3%. However, it was verified that the approximation in assuming the walls as gray or 
black can lead to not negligible deviations between the solutions, reaching values above 40%. 
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