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Abstract. This paper presents numerical simulations of two-dimensional mold filling with nematic LCPs fluids. The
governing equations are solved by an efficient finite difference code that simulates the free surface flow of nematic LCPs
governed by the full Ericksen-Leslie dynamic model. The numerical technique is based on a projection method and solves
the equations using primitive variables for velocity, pressure, extra-stress tensor and director. An analytic solution for 2D
channel flows is described and mesh refinement studies are used to verify the convergence of the methodology employed.
Numerical results obtained in the simulation of mold filling are discussed.
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1. INTRODUCTION

Producing injection molded prototypes is both an art and a science. When analyzing the mass-production of novel parts
in a company, attention to detail and high levels of technical expertise are necessary to prevent small mistakes from costing
companies big money. Nematic liquid crystals are orientationally ordered, anisotropic materials that have a wide range
of applications in industrial processes (see Bird et al. (1987); Rey and Denn (2002)). When nematic liquid crystal are
used in industrial products, the molecular orientation inside the products is important because of the characteristics of the
liquid crystalline polymers highly depend on it. An example of functionalities is their applications in injection molding
processes. In polymer processing the molecules of LCPs are easily aligned by the flow and keep the alignment until
solidification. The material properties of the nematic LCPs are then strongly affected by the flow processing. The fluid
flow in moulded channels depends on many factors, like the properties of the polymer used, processing conditions and
injection mould design. To obtain molded parts with expected properties, shape and surface, the flow can be controlled
by the design, the mold technology and the processing conditions (see Smorawinski (1989); Beaumont et al. (2002);
Bociaga (2001)). In this way, several works on computational and experimental to study that can occur during in injection
molding processes of nematic LCPs are of valuable importance (see Gonnet et al. (2002)). This paper is concerned with
two-dimensional calculations of the mould filling process using a finite difference algorithm capable of efficiently solving
complex free surface flows using the complete Ericksen-Leslie model. The methodology applied extends previous works
(Cruz et al., 2010, 2013) and Cruz and Tomé (2015), where confined and free surface nematic liquid crystal flows were
dealt with.

2. GOVERNING EQUATIONS

The basic equations for two-dimensional flows of a nematic liquid crystal are the mass conservation equation, the
elastic energy density, the linear and angular momentum equations which can be written, respectively, in dimensionless
form as (for details see Cruz et al. (2013))

u,x + v,y = 0 , (1)
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where ui is the velocity field, gi is the gravitational field, Re = ρU L
η and Er = UL η

K are the Reynolds and Ericksen
numbers, respectively. For example, the term Rjnj,x is given by
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and the function Φij , called non-Newtonian stress tensor, hereafter, is given by

Φij = α1nkAkpnpninj + α2Ninj + α3niNj + α5njAiknk + α6niAjknk . (7)

In the equations above, the viscosities α1, . . . , α6 have been scaled by a factor of η = 1
2α4. Equations (1), (3), (4) and

Eq. (5) form the complete set of dynamic equations and must be solved subject to suitable boundary conditions in order
to find solutions for ui, p and φ, respectively.

3. NUMERICAL METHOD

The equations (1-7) are solved by the finite difference method on a staggered grid, in which the velocity components
are located at the middle of cell faces and the other variables are positioned at cell centers.

In equations (1, 3 and 4), the projection method is used to uncouple the velocity and pressure. Using the values of
u(tn), v(tn) and φ(tn), Eq. (2) is solved for wF (tn) and then wF,i(tn) is calculated and then compute Φij(tn) from
equation (7) andRjnj,i(tn), Gjnj,i(tn) from (6). The potential function ψ is applied to obtain the corrected final velocity
and the pressure fields at time tn+1 (for details see Tomé et al. (2007)). By using u(tn+1) and v(tn+1), solve equation
(5) to obtain the angle of the director φ(tn+1), and the components of the non-Newtonian tensor Φij(tn+1) are calculated
from equation (7) (see Cruz et al. (2013)).

4. RESULTS

To verify the numerical method presented, we simulated the flow of a LCP nematic fluid in a 2D channel formed by
two parallel plates of width L = 1 and length 10L.

The analytic solution of the Ericksen-Leslie model for fully developed flows in a channel has been presented by (Cruz
et al., 2013) who demonstrated that the solutions of the Ericksen-Leslie model in the absence of external torques are given
by

u =
Re

2
[
1 + 1

2 (α3 + α6)
]p,xy(y − 1), y ∈ [0, 1] (8)
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Er

2
(γ1 + γ2)

Re

2
[
1 + 1
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] p,x [y(1− y)(1− 2y)

6

]
, y ∈ [0, 1]. (9)

4.1 Verification of the numerical method

The numerical method was applied to simulate the flow of the nematic liquid crystal MBBA at 25C◦. The velocity at
the channel entrance was given by

u(y) = −4
(
y − 0.5

)2
+ 1.0, y ∈ [0, 1]. (10)

At the channel walls, the boundary condition for the orientation angle of the director was φ = 0. The following input data
were used: Re = 1, Er = 10 and gravity was neglected.

To analyse the convergence of numerical method on this problem the numerical solution was computed on three
meshes M0: δx = δy = 1/8 (80× 8 cells), M1: δx = δy = 1/16 (160× 16 cells) and M2: δx = δy = 1/32 (320× 32
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cells). The simulations started with the channel empty. Fluid was then injected through the entrance of the channel so
that the channel was progressively filled up. The solutions were calculated until the time t = 100 when it is expected that
fully developed flow has been established.

To evaluate the analytic solutions given by equations (8) and (9), the value of the pressure gradient p,x is required.
This was determined by setting the velocity u given by equation (8) equal to the corresponding inflow velocity given by
equation (10). Following this procedure and using the input data described above, we found that p,x = −351.63100.

It is expected that the numerical solutions at the end of the channel should therefore approach the analytic solutions
given by equations (8)-(9). To verify this fact, we calculated the results obtained on the three meshes at the end of the
channel at the center of the cells lying before the channel exit (xc = 10−0.5δx) and compared with the analytic solutions.
Figure 1 displays the analytic solutions for u(y), and φ(y) and the respective numerical solutions obtained on grids M0,
M1 and M2. We can see that there is good agreement between the solutions. Moreover, Fig. 1 suggests that the numerical
solutions converge to the analytic solutions when the mesh is refined.

To demonstrate the convergence of numerical method we computed the relative errors between the numerical solution
(SolNUM ) and the exact solution (SolEXACT ) for each simulation by the formula

E(SolNUM ) =

√√√√√√
∑
ij

(SolEXACT − SolNUM )2∑
ij

(SolEXACT )2
. (11)

The errors on meshes M1 and M2 were calculated at the same points as those for mesh M0. The values of the relative
errors, obtained on grids M0, M1 and M2, are displayed in Tab. 1. It is noted in Tab. 1 that the errors decrease as the grid
is refined, indicating that the numerical method is indeed convergent. These results indicate that the numerical method
presented in this work is convergent and that the numerical code is correct.

Table 1. Relative errors obtained on meshes M0, M1 and M2.

Quantities M0 M1 M2

E(unum) 1.93450× 10−2 3.18245× 10−3 9.95550× 10−4

E(φnum) 3.72695× 10−2 9.95472× 10−3 4.89672× 10−3

Figure 1. Numerical and analytic solutions of velocity u(xc, y) and director angle φ at xc = 10− 0.5δx, 0 ≤ y ≤ 1, for
Re = 1 and Er = 10.

4.2 Numerical simulation of nematic LCPs free surface flows

In this section we present the results obtained in the simulation of the filling of a mold, that we call Mold A, with
dimensions 7L× 8.5L where L denotes the size of the injection point (see Fig. 2a). In its interior, a fixed square obstacle
of dimensions 3.5L× 3.0L is positioned.
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(a) (b)
Figure 2. (a) Especification of the computational domain. (b) Boundary conditions (represented by red arrows) used in

the calculation of the director (orientation angle φ).

Table 2. Data employed in the simulation of the filling of Mold A.

U = 0.003 ms−1, ρ = 1088 Kg m−3, ν = 0.000038 m2 s−1

LCP Nematic fluid
L (m) Re Fr K (N) Er
0.007 0.55 0.012 8.67E−7 1

The parameters specifying the flow are given in Tab. 2. The simulation was performed using a mesh containing
(119× 98)-cells (grid spacing δx = δy = L/14). The simulation started with the mold A empty at t = 0 and proceeded
until the time t = 76 when it was full. Fig. 3 displays the isolines of the v-velocity at times t = 40 and 76 while Fig. 4
provides the director orientation at time t = 76. At time t = 40 Fig. 3(a) shows that the fluid has flowed onto the obstacle
and proceeds filling the mold A until the time t = 76 when the mold becomes full (see Fig. 3(b).

(a) (b)
Figure 3. Numerical simulation of the filling of Mold A using Ericksen-Leslie model: Re = 0.55 andEr = 1.0.. Isolines

of the v-velocity at times t = 40 and 76.

We can observe in Fig. 4 that the director orientation in regions near the mold wall are aligned along the injection
direction while the orientations in the regions between the injection point and the obstacle are altered by local flow
directions.
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Figure 4. Director orientations in the simulation of the filling of Mold A.

5. CONCLUSIONS

This work presented a finite difference technique for simulating free surface flows of nematic liquid crystals modelled
by the Ericksen-Leslie theory. Verification results in channel flow 2D were obtained and showed convergence with the
analytic solution. The method was successfully applied to fill a mold with a square obstacle inside it.
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