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Abstract. The aim of the present work is to perform an analysis of both Weibull parameters k and ¢ for wind power
generation so that one can have an idea of how the mechanisms of wind energy estimation work and build a better
understanding of these parameters. This paper covers aspects from the definition of continuous random variable to the
analysis of the scale (c) and shape (k) parameters themselves. Mathematical and physical analysis will be performed
and finally, a comparison between the parameters and their influence on wind analysis will be presented.
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1. INTRODUCTION

Waloddi Weibull, a Swedish engineer settled in US, developed his probabilistic distribution in 1937. However, the
first article on the subject was only published in 1939 and legitimized in 1951. Weibull presented a method that could be
applied to a wide variety of problems, from the analysis of the resistance of steel to the stature of the inhabitants of the
British Islands (Weibull, 1951; Silva, 2003). At first, some researchers rejected his theory, since that Weibull’s statement
establishes that the input data could select the distribution and the best fit of the parameters, which seemed something
beyond reality (Silva, 2003).

Some researchers as Shainin Dorian and Leonard Johnson (apud Silva, 2003) applied and perfected the method,
attesting to Weibull's claims. The US Air Force recognized the merit of the method and funded its research until 1975.
Today, this method is most commonly used for reliability analysis, mainly mechanical failures. Nevertheless, it is also
used for wind energy production prediction, as shown later in this paper (Silva, 2003; Usta, 2016; Arslan et al., 2014).

2. CONTINUOUS RANDOM VARIABLE
A continuous random variable is a variable that can take any value in an interval. It may be defined in a continuous

interval or the whole real axis. Whatever the case, it is not possible to determine a non-zero probability to a specific
value since there are infinite values and the sum of all the non-zero probabilities would be more than one. It is possible,
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however, to determine the probability of a continuous random variable to lie within a certain interval (Retkute, 2017
Morettin and Bussab, 2002; Devore, 2006).

Being X a continuous random variable, there is a non-negative function named f(x) the probability density function
(pdf) of X such that (Fig. 1), for f(x) > 0:
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Figure 1. Graphic representation of the probability density function (pdf).
For the same X, one can also define a cumulative distribution function (cdf) such that (Fig. 2):

X
F(x)=P(X <x) = jf(u)du 3)
The cumulative distribution function is always increasing and,
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Figure 2. Graphic representation of the cumulative distribution function (cdf).

3. THE WEIBULL DISTRIBUTION
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There are a few probability distributions in literature that can be used to represent the wind behavior and its
selection depends primarily on the characteristics of the observed wind regime (Silva, 2003; Usta, 2016; Jung and
Schindler, 2017). The main distributions are:

e Normal or Gaussian distribution;
e Bivariate normal distribution;

e  Exponential distribution;

e Rayleigh distribution;

e Weibull distribution.

Actually, researchers wanted to obtain only one distribution that could best fit the wind behavior. The first studies of
this kind were performed by (Silva 2003; Davenport, 1963; Hennessey, 1977; Justus et al., 1976). They showed that
Weibull was the distribution that best represented the wind behavior, since it incorporates both the exponential
distribution (k = 1) and the Rayleigh distribution (k = 2), also providing a good approximation of the normal distribution
when the value of k is greater than or equal to three (Silva, 2003).

The main parameters that support the use of the Weibull distribution for wind energy are:

It is centered in a mean value and allows description of asymmetric behavior around this value;
Depends on two parameters, k and c;

Incorporates particular cases (Rayleigh, for example);

It is suitable to analyze extreme winds (Rohatgi et al., 2012).

The cumulative Weibull distribution gives the probability of the wind velocity to be less than or equal to a certain
velocity V and is written as follow (Lysen, 1983):

F(v)=1-ex [—(%jk] @)

The probability density function (pdf) represents the fraction of time that the wind speed is centered in an interval of
1 m/sinV [12] and is written as f(V)=dF(V)/dV, resulting in:

f(\/)=kvklexp{—(%]k} )

Ck

where k>0, V>0 e ¢c>1 [12].
However, when integrating f(V)=dF(V)/dV in a defined interval of wind speed, one can obtain the probability of the
speeds of the interval:

VI +1

PV <V <Viu)= [ FV)OV = F(Vig) - FOV) ©)
Vi
where i=1, 2, 3,...,n (Johnson, 2001; Manwell et al., 2009).
The pdf gives the fraction of time at intervals centered in 1 m/s. One way to know the fraction of time of a velocity
is to estimate f(V) by Eq. (5) (Johnson, 2001). For example, the Weibull parameters at a given site are ¢ = 6 m/s and
k = 2. Estimate the number of hours per year that the wind speed will be between 6.5 and 7.5 m/s. By Eq. (5):

- 2
f(7) = Z%exp {— (Q } =0.0997 [s/m]

or 9.97% of the time. The number of hours per year with the wind speed V in this interval would be
(0.0997 x 8760) = 873 hours/year.
The peak of the probability density curve (Fig. 3) indicates the most frequent wind velocity in the

regime (Mathew, 2006). For any other interval, one must use the probability given by Eq. (6). For example, the Weibull
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parameters at a given site are ¢ = 6 m/s and k = 2. Estimate the number of hours per year that the wind speed will be
between 6.5 and 7.0 m/s. By Eq. (6):

65) 70\
P(6.5<V < 7.0)= F(7.0) - F(6.5) =exp —[?j —exp —(?) =0.3092 — 0.2564 = 0.0529

The number of hours per year with wind speeds in this interval would be (0.0529 x 8760) = 463 hours/year.

It is noted from Eq. (6) that integrands are equally spaced from the center value V. This originates from the use of the
Newton-Cotes Quadrature Rules for solving the integral, since the equations of Newton-Cotes are useful for numerical
integration when the value of the integrand at equally spaced points is given. In addition, the interval is given in £ 0.5 so
that one can use the rectangular method of the Newton-Cotes equations, which has lower computational cost and a
small error (Press, 2007).

4. WEIBULL PARAMETERS — ANALYSIS AND DISCUSSION

Analyzing Weibull parameters k and ¢ from the pdf, fixing ¢ = 2, an increase in the value of k causes wind velocity
to concentrate around its mean value, as shown in Fig. 3.
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Figure 3. Pdf for ¢ = 2 and k varying from 1 to 5.

For k = 1, Weibull distribution incorporates the exponential function as previously said, which means that
re)=(2-1)!=1,thusc=Vm from Eq. (8), as shown later.

Fixing k =2, an increase in the value of the scale parameter c causes wind velocity to disperse around its main value as
shown in Fig. 4.
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Figure 4. Pdf for k=2 varying c.

The pdf curves presented at Figs. 3 and 4 are adjusted according to k and c. It is observed that the higher value of k,
more constant the wind will be and the opposite happens for the parameter c. The characteristics of the local wind are
intrinsic to the parameter k because from it we can obtain wind data, as proposed by (Justus et al., 1976;
Manwell et al., 2009) for 1 <k < 10:

However, when integrating f(V)=dF(V)/dV in a defined interval of wind speed, one can obtain the probability of the
speeds of the interval:

o -1,086
= =
{2)

where ¢V is the standard deviation of wind speed data and Vm the mean velocity. The ratio ¢V/Vm represents the
average turbulence intensity at the site. Parameter c is determined by Eq. (8):

e Im )

9

where I"is the gamma function.
The gamma function I'(X), for x > 0, is defined as (Devore, 2006):

r(x)= j et Lt ©)
0

The gamma function satisfies the recursive property in the following way:
(X)=(x—1)[(x—1) (10)

This notation may be used for all integers, except for the non-positives. However, when x=n, where n is a positive
integer, the gamma function may be written as a factorial function (Devore, 2006):

I'(n)= (n -1)! (11)
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It is observed that ¢ depends on Vm and k. From k = 2, when k increases, ¢ tends to decrease as presented in Tab. 1,
for a diversity of values of Vm, Thus, with k increasing and c, as consequence, decreasing the velocity values tend to
concentrate around its mean value.

Table 1. Variation of k and c.

Vm =6 m/s Vm=7mls Vm =8 m/s
k ¢ [m/s] k ¢ [m/s] k ¢ [m/s]
2 6.77 2 7.90 2 9.03
3 6.72 3 7.84 3 8.96
4 6.62 4 7.72 4 8.83
5 6.53 5 7.62 5 8.71

It is important to notice from Table 1 that the higher the mean velocity in the site, the higher the ¢ for the same k, as
shown in Fig. 5. This means that for a site with a mean velocity of 6 m/s, for example, values of local velocities tend to
be more constant then in a site with mean velocity of 8 m/s. A high value of k would be a value equal or more than
three. The ideal would be a k = and a c—0. For example, k = 10 e ¢ = 2 would produce a “constant” wind power
generation. However, this does not happen in reality since a lower ¢ means a low value of local mean wind speed, making
the site improper for power generation.
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Figure 5. Vm =6 m/s (esq.) e Vm = 8 m/s.

As can be observed from Fig. 5, when k > 3 the wind velocity values are not very much dispersed relative to the
mean value. However, when the mean speed goes from 6 to 8 m/s, there is a higher dispersion for the same k, because
the parameter ¢ also increased. Still, the values are much more dispersed when k < 3. The ¢ parameter will adjust the
curve so that the pdf will increase or decrease depending on its value (Fig. 5), leaving the analysis of the local wind
simply for k, i.e., this parameter provides the information related to the wind behavior.

5. CONCLUSIONS

The Weibull distribution has been of great importance for wind technology, being the most used probability
distribution to represent wind behavior due to its simplicity and versatility.

Analyzing the parameters of the Weibull distribution separately it can be seen that as the value of k increases, a
more consistent wind distribution is obtained, with a higher number of values closer to the mean speed. On the other
hand, a higher scale parameter c, increases the dispersion of the values around the mean the wind speed. Analyzing both
parameters simultaneously, it can be notice that for the same mean wind speed value, an increase of k represents a
reduction in the value of the parameter ¢ and the opposite is also true. The ideal, therefore, would be a high value of k
and a low value of ¢, but a low value of ¢ also means a low mean wind speed, which is not desirable for wind power
generation.

Generally, parameter ¢ will only adjust the scale of the curve, causing the pdf to increase or decrease depending on
its value. The analysis of the local wind regime can be done simply by k. This work presented a mathematical and
physical analysis with didactic purposes, since there is currently no explanatory material in such way.
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