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Abstract. This work deals with the application of the integral KBKZ-PSM constitutive equation to axisymmetric flow
problems. The mass and momentum equations are solved by a finite difference technique presented by Tomé and co-
workers. The Finger tensor is modeled by the deformation fields method proposed by Hulsen and co-workers while the
integral KBKZ equations describing the components of the extra-stress tensor are solved by a second-order quadrature
formula. The methodology employed is applied to simulate tube flows and is verified by using mesh refinement and an
analytic solution for fully developed axisymmetric flow in a tube.
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1. INTRODUCTION

The KBKZ integral model was originally developed using ideas from rubber elasticity theory in a general framework
accounting for the strain free energy associated with the elastic strain imposed on the material (see Bernstein et al. (1963)).
This equation is known to approximate well the rheology of polymer melts and has motivated many researchers to tackle
viscoelastic flows using integral models (e.g (Papanastasiou et al., 1983; Goublomme and Crochet, 1993; Mitsoulis,
2013; Luo and Mitsoulis, 1990; Konaganti et al., 2015, 2016)). A recent review of works using this constitutive equation
is presented by Mitsoulis (2013), who provides an up-to-date review of the research on numerical methods for solving
KBKZ integral models. This constitutive equation has been applied to solve viscoelastic flows using the finite element
method and Tomé et al. (2007, 2016) have demonstrated that the finite difference method can also handle this integral
model for two-dimensional confined and free surface flows.

In this work the KBKZ-PSM model proposed by Papanastasiou-Scriven-Macosko is adopted (see Papanastasiou et al.
(1983)). The ideas of the deformation fields method (see Hulsen et al. (2001)) are applied to store the deformation
history, on which the Finger tensor is computed by solving an appropriate evolution equation. The governing equations
for axisymmetric flows are solved by the finite difference method on a staggered grid using the ideas of the GENSMAC
methodology (see Tomé et al. (2007)). Tube flow is solved and verification and convergence results, using an analytical
solution, are provided.

2. GOVERNING EQUATIONS

The mass and momentum conservation equations, in dimensionless form, for isothermal incompressible flows can be
written as (for details, see Tomé et al. (2007))

∇ · v = 0 , (1)
∂v

∂t
+∇ · (vv) = −∇p+ 1

Re
∇2v +∇ ·Φ +

1

Fr2
g . (2)

In these equations, Re =
ρ0UR

η0
is the Reynolds number and Fr =

U√
Rg

is the Froude number, where U and R are

velocity and length scales and g, η0, ρ0 are the gravity acceleration, fluid viscosity and fluid density, respectively.
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The non-Newtonian tensor Φ is related to the extra-stress tensor τ and is calculated through the following EVSS
transformation (Rajagopalan et al., 1990):

Φ = τ − 2

Re
D , where D =

1

2

[
∇v + (∇v)T

]
. (3)

The rheological behavior of the fluid flow is described by the KBKZ-PSM integral constitutive equation (for details,
see Mitsoulis (2013))

τ (t) =

∫ t

−∞
M(t− t′)H(I1, I2)Bt′(t)dt

′ , (4)

where

M(t− t′) =
m1∑
k=1

ak
λkWi

e
− t−t′
λkWi , (5)

and

H(I1, I2) =
α

α− 3 + βI1 + (1− β)I2
. (6)

In the memory function, Eq. (5), λk, ak,m1 are relaxation times, relaxation modules and the number of relaxation modes,

respectively, and Wi = λref
U

R
is the Weissenberg number, where λref is a reference relaxation time. The function

H(I1, I2) in Eq. (6) is the Papanastasiou-Scriven-Macosko damping function, where the parameters α and β are obtained
from a curve fitting to the rheological properties of the fluid (see Papanastasiou et al. (1983)). In Eq. (4), Bt′(t) is
the Finger tensor and I1 = tr[Bt′(t)] and I2 = 1

2

(
(I1)

2 − tr[B2
t′(t)]

)
are the first and second invariants of Bt′(t),

respectively.

3. NUMERICAL METHOD

The governing equations (Eqs. (1-6)), written in cylindrical coordinates (r, z), are solved by the finite difference
method on a staggered grid. The projection method is employed to uncouple the velocity and pressure fields from Eqs. (1)
and (2) and then, the velocity v(r, z) =

(
u(r, z), w(r, z)

)
and the pressure p(r, z) are calculated based on the methodology

presented by Tomé et al. (2007). In summary, a tentative velocity field ṽ(r, z) is obtained from an explicit Euler scheme
discretization of Eq. (2) while the final velocity field is computed by adding a gradient of a potential function v(r, z) =
ṽ(r, z) − ∇ψ(r, z, t) that obeys a Poisson equation to ensure incompressibility everywhere. For details see Tomé et al.
(2007).

To compute the extra-stress tensor, τ it is necessary to track the Finger tensor at the past times t′j using the ideas of
the deformation fields method (Hulsen et al., 2001). In this method, the Finger tensor Bt′j(t)

(x, t) is evolved in time by
the convection equation,

∂

∂t
Bt′j(t)

(x, t) + v(x, t) · ∇Bt′j(t)
(x, t) = [∇v(x, t)]

T ·Bt′j(t)
(x, t) + Bt′j(t)

(x, t) · ∇v(x, t) . (7)

where t′j are given past times in [0, tn+1]. This equation is resolved by the modified Euler method while t′j are obtained
from a geometric progression discretization of the interval [0, tn+1] into 2N -subintervals [t′j−1, t

′
j ], j = 1, 2, · · · , 2N.

The integral in Eq. (4) is computed assuming that Bt′(tn+1) = B0(tn+1), ∀ t′ < 0 and applying a second order quadrature
formula on each interval [t′j , t

′
j+2]. For details see Tomé et al. (2016).

4. POISEUILLE FLOW

The pressure-driven flow (Poiseuille flow) is often used for verification of numerical methodologies in CFD because
in this flow type the momentum and constitutive equations are simplified and an analytic or semi-analytic solution can be
obtained.

To verify the numerical technique used in this work, an analytic solution for steady state tube flows of an one-module
KBKZ fluid has been developed. This analytic solution is an extension of the solution for Poiseuille flows in a channel
presented in Tomé et al. (2016).
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4.1 Analytic solution

By considering fully-developed flow of a 1-mode KBKZ fluid in a cylinder of radius R (see Fig. 1), the following
assumptions are made:

r ∈ [0, 1], u = 0, w = w(r), γ̇ =
∂w

∂r
, B =

 1 0 γ̇(t− t′)
0 1 0

γ̇(t− t′) 0 1 + γ̇2(t− t′)2

 , (8)

leading to the following invariants I1 and I2 that are required in the Papanastasiou function H(I1, I2):

I1 = I2 = 3 + γ̇2(t− t′)2, (9)

and the equations for the components of the extra-stress tensor become

τ rz =
a1α

Wi

∫ t

−∞

γ̇(t− t′)e−(t−t′)/Wi

α+ γ̇2(t− t′)2
dt′ , (10)

τzz =
a1α

Wi

∫ t

−∞

[
1 + γ̇2(t− t′)2

]
e−(t−t

′)/Wi

α+ γ̇2(t− t′)2
dt′ , (11)

τ rr = τθθ =
a1α

Wi

∫ t

−∞

e−(t−t
′)/Wi

α+ γ̇2(t− t′)2
dt′ . (12)

and making the transformation s = t− t′, these equations become

τ rz(r) =
a1α

Wi

∫ ∞
0

γ̇se−s/Wi

α+ γ̇2s2
ds, (13)

τzz(r) =
a1α

Wi

∫ ∞
0

[
1 + γ̇2s2

]
e−s/Wi

α+ γ̇2s2
ds, (14)

τ rr(r) = τθθ =
a1α

Wi

∫ ∞
0

1 e−s/Wi

α+ γ̇2s2
ds. (15)

The momentum equations reduce to

−∂p
∂r

+
1

r

∂

∂r
(rτ rr)− τθθ

r
= 0 , (16)

−∂p
∂z

+
1

r

∂

∂r
(rτ rz) = 0. (17)

Integrating Eq. (16) yields

p(r, z) =

∫ r 1

x

∂

∂x
(xτ rr)dx−

∫ r τθθ

x
dx+ F (z) =⇒ ∂p

∂z
= F ′(z) (18)

and Eq. (17) can be rewritten as

1

r

∂

∂r
(rτ rz) = F ′(z), (19)

where the prime denotes differentiation with respect to z. We see that, since the left-hand-side of Eq. (19) is a function of
r, F ′ must be a constant which we denote by C = dp/dz; hence we have

τ rz(r) =
1

2
Cr +

h(z)

r
, (20)

and since the fact that τ rz(r = 0) must be finite implies that h(z) = 0, we must have

τ rz(r) =
1

2
Cr. (21)

Thus, Eq. (13) can be written as

1

2
Cr =

a1α

Wi

∫ ∞
0

γ̇se−s/Wi

α+ γ̇2s2
ds, (22)
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The constant C is determined from the boundary condition at the tube entrance where a velocity profile win(r) is
prescribed by

win(r) = 1− r2 so that win(0) = 1 and win(1) = 0, (23)

and we have∫ 1

0

rwindr =

∫ 1

0

r(1− r2)dr = 1

4
. (24)

By conservation of mass, we must therefore have∫ 1

0

r w(r)dr =
1

4
, (25)

and integrating by parts gives∫ 1

0

r w(r)dr =
[1
2
r2w(r)

]1
0
− 1

2

∫ 1

0

r2γ̇dr, (26)

so that∫ 1

0

r2γ̇dr = −1

2
. (27)

Therefore, for a given value of C, we compute γ̇(r) from Eq. (22) and check if

F (C) =

∫ 1

0

r2γ̇dr +
1

2
= 0 (28)

is satisfied.
The procedure for calculating the analytical solution is given by:

Step 1 An interval
[
C0, C1

]
can be calculated where F (C0) ∗ F (C1) < 0;

Step 2 By using the bisection method on the interval
[
C0, C1

]
, a value ofC and γ̇(r) are computed such that |F (C)| < eps

where eps is the accuracy required. For this, Eq. (22) is evaluated by a 12-point-Gauss-Laguerre formulae and the
integral in Eq. (28) is computed by the Simpson 1/3 quadrature rule.

Step 3 Calculate τ rz(r), τ rr(r), τzz(r) from Eqs. (21), (14) and (15), respectively.

4.2 Results

The numerical method described in Section 3.was applied to simulate tube flow of a 1-module KBKZ fluid using the
following data:

• Velocity scale: U = 0.025 m s−1.
• Length scale: tube radius R = 0.01m, tube length: H = 10R = 0.1m.
• Relaxation time and module: λ1 = λref = 0.1396s, a1 = 1.6648 Pa.
• Dynamic viscosity: η0 = λ1 × a1 = 0.2324 Pa.s, density: ρ0 = 801.5 kg m−3.
• Papanastasiou parameters: α = 10.0 and β = 1.0.
• Number of deformation fields N = 100.

• Reynolds and Weissenberg numbers: Re =
ρU R

η0
= 0.8622, Wi = λref

U

R
= 0.3490.

To verify mesh independence results, this problem was simulated using the various meshes defined in Tab. 1. The explicit
calculation of the momentum equations leads to a time-step restriction based on the Reynolds number given by δt <

Re
1

4
δr2 where uniform meshes (δr = δz) were used. Therefore, for reasons of accuracy, the time-step employed in the

simulations, for each mesh used, are given in Tab. 1.



24th ABCM International Congress of Mechanical Engineering (COBEM 2017)
December 3-8, 2017, Curitiba, PR, Brazil

Table 1. Meshes employed in the tube flow simula-
tions.

Mesh (δr = δz)/R Mesh size δt ∗ (U/R)
M10 0.1000 (10x100) 2.1554x10−4

M20 0.0500 (20x200) 5.3887x10−5

M30 0.0333 (30x300) 2.3949x10−5

M40 0.0250 (40x400) 1.3471x10−5

(a) (b)

Figure 1. Description of flow domain (a) and the computational domain (b).

The simulations were started at t = 0 and were carried out until t = 250, when it was assumed that at this time,
steady state has been established. The analytic value of the pressure gradient found by the bisection method was dp/dz =
−4.0239142 while the numerical values obtained on each mesh employed were −4.003365, −4.016398, −4.020535,
−4.022304, respectively. The results obtained for w(r) and ∂w(r)/∂r are plotted in Fig. 2 while the results for the tensor
components are displayed in Figs. 3 and 4. In Figs. 2 - 4, it is seen that the numerical solutions on meshes M10, · · · , M40
agree well with the corresponding analytic solutions. In addition, the errors calculated by Eq. (29) are shown in Tab. 2 and
plotted in Fig. 5, which confirms the decay of the error with mesh refinement. In Tab. 2 it is also possible to verify that
the pressure gradient obtained by the numerical results approximates well the pressure gradient obtained by the analytic
solution.

E(·) =
√
h
[
(·)analytic − (·)numerical

]2
, h = δr = δz. (29)

These results verify the convergence of the numerical method for tube flows when the mesh is refined.

Table 2. Errors between analytic and numerical solutions calculated on meshes
M10, M20, M30 and M40.

Mesh E(w) E(dw/dr) E(τ rz) E(τzz) E(dp/dz)

M10 1.3612e−3 7.0306e−3 4.9284e−3 1.2002e−2 6.4979e−3

M20 4.6185e−4 1.8021e−3 1.4624e−3 3.1720e−3 1.6804e−3

M30 2.1185e−4 7.8236e−4 8.3103e−4 2.0075e−3 6.1689e−4

M40 1.2880e−4 4.4901e−4 4.9009e−4 1.7629e−3 2.5455e−4
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Figure 2. Numerical and analytic solutions of fully developed tube flow using mesh refinement. (a) w(r) and (b)
∂w(r)/∂r.
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Figure 3. Comparison of (a) τ rr(r) and (b) τθθ(r) obtained on meshes M10, M20, M30 and M40 with the respective
analytic solution.
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Figure 4. Comparison of (a) τzz(r) and (b) τ rz(r) obtained on meshes M10, M20, M30 and M40 with the respective
analytic solution.
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Figure 5. Decreasing of the error as function of mesh spacing h.

5. CONCLUSIONS

This work proposed a finite difference technique for solving viscoelastic flows governed by the integral constitutive
KBKZ-PSM model. An analytic solution of a 1-mode KBKZ model for fully developed tube flows was developed. Tube
flow was simulated on various meshes and verification results using the analytic solution demonstrated the convergence
and mesh independence of the numerical method. As future work, this methodology will be improved by implementing
an implicit method to solve the momentum equations and the calculation of the Finger tensor will be effected implicitly.
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