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Abstract. This work describes a controller synthesis for the stabilization of a ball and plate system by using visual
servoing technique. The mechanism is composed by a free rolling ball that moves on a flat plate fixed in its center. The
plate tilting angles are driven by two direct-current (dc) motors physically attached to the X and Y axis of the plate.
For the measurement of the controlled variable, i. e., the ball cartesian position, a stationary CCD camera is used. The
proposed solution for the visual servoing controller is based on the formalism of the Active Disturbance Rejection Control
(ADRC) aiming to account for the parametric uncertainties of the system camera-mechanism-motors. Simulation results
are presented to illustrate the behavior of the closed-loop system.

Keywords: Ball and Plate mechanism, visual servoing, ADRC, uncertain parameters.
1. INTRODUCTION

The ball and plate balacing system presents a challenging control design problem due to the inherent complexity in
its dynamical equations. The study of such system in academia has been an object of constant interest in recent years
since its solutions can be used in many applications today. Some examples are: mechanism for flight simulation (Mauro
et al., 2016), Stewart platform (Kumar et al., 2017), solar tracker (Wu et al., 2016) and pick-and-place applications (Liao
et al., 2013). As can be verified from reports in the literature (Galvan-Colmenares et al., 2014) a large number of control
proposals have been previously implemented on real ball and plate systems. For example, reports on the utilization of
Sliding-Mode Control in (Park and Lee, 2003), Active-Disturbance Rejection Controller (ADRC) in (Rubio et al., 2014),
fuzzy logic in (Liu and Yu, 2012) and Linear Quadratic Regulator (LQR) control algorithm in(Cheng and Tsai, 2016). As
can be noticed in the cited works and from the references therein, the compensation for uncertainties of model parameters
have been of concern since the early developments, in an attempt to circumvent the performance degradation particularly
regarding the mechanism’s and camera calibration parameters.

2. PROBLEM STATEMENT

In this work, a stabilization control solution for the ball and plate mechanism is developed. The control aim is keep
the ball stabilized in a desired (fixed) position on the plate by actuating on the voltages of two armature-controlled DC
motors which are responsible for tilting the angles o € IR and 5 € IR, as depicted on Fig. 2. To measure the cartesian
position of the ball on the plate, a fixed CCD camera is used. In order to incorporate the dynamics of the motors as well as
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the camera projection model into the overall equations of motion of the mechanism, additional time differentiation steps
are made on the original dynamics traditionally considered in the literature. This way, the control variables, i.e., the input
voltages for the motors become explicit related to the controlled variables [z, y.]7 € IR? which defines the ball cartesian
position in image coordinates. Although the knowledgement of such dynamical relantionships is desired for the controller
design, the system complexity increases and additional parametric uncertainties arise in the resulting model.
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3. METHODOLOGY

To solve the problem of controlling the mechanism, in the presence of parametric uncertainties of the dynamical
model, we developed a modified version of the Active Disturbance Rejection Method (ADRC) (Han, 1998; Gao erf al.,
2001; Han, 2009). It consists basically of an extended observer that estimates the system states and non-measurable signals
that act together with a state feedback control law. In the present proposed method we perform slight modifications both
on the input/output dynamics of the plant and on the observer equations that brings some mathematics advantages that
will be useful in the design of the closed-loop controller. Theoretical contributions of the proposed control strategy that
we may cite are: (i) the exact knowledgement of system parameters, i. e., camera intrinsic parameters and motor’s
electromechanical constants are not required; (ii) the control synthesis is simplified due to the use of a reduced set of
design constants; (iii) complexity is reduced due to the use of linear structures both on the observer and on the control law
design.

4. SYSTEM MODEL

In this section, the Ball and Plate dynamical equations are obtained by using the Langrangian Formalism as in (Fan
et al., 2004; Lee et al., 2008; Yuan and Zhang, 2010):

iaT _ oT n ov
dtd¢; 0q;  Oqg;

=Qi, (D

in which ¢; € IR stands for i-th direction coordinate, 7' € 1R is kinetic energy of the system, V' € IR is potential energy
of system and (Q € IR is composite force. Since both the ball displacement and the plate orientation are bi-dimensional,
the overall mechanism has four degrees of freedom. In the following model development, we define the generalized
coordinates of the overall system as [z,y]? (the ball cartesian position) and «, 3 (the plate tilting angles). We also
consider that the origin of the ball coordinated axis is fixed in the center of the plate as depicted in Fig. 2. Regarding at
model simplification, the following assumptions are assumed:

(H1) The ball does not loose contact with the plate during motion;
(H2) The ball motion is such that no slipping occurs;

(H3) The ball is a homogeneous rigid body with a symmetric geometry.
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After applying the Lagrangian formulas, as was done in (Yuan and Zhang, 2010), the equations of motion result in:

(m + %) i —m(za? + yaf) + mg sin(a) = 0,
2
(m + %) § = m(yB? + 2éf) + mg sin(8) = 0,

in which z(¢),y(t) € R are the ball displacements [meter] over the plate surface in X and Y directions, respectively;
a(t), 5(t) € IR are the plate tilt angles [rad] around the Y and X axis, respectively; m is the ball mass [Kg]; I, is the
ball inertia [ K g.m?] and g is the gravity acceleration constant [1m/s?]. Since the approximate value for the ball’s moment
of inertia is given by I, = 2mr? /5, the expressions in Eq. (3) can be simplified to

?fc’ — (26? + yaB) + g sin(a) = 0, éy — (yB* + 26) + g sin(B) = 0. 3)

Since a CCD camera is used to measure the ball position, its projection model need to be included in the above system
equation. In this work, we consider that the camera is mounted in a fixed depth position z; along the plate’s Z axis. We
also assume that the camera’s optical axis is parallel to the plate’s Z axis and the zy value is sufficient to focuses the
plane’s center and its borders. Such configuration can be observed in Fig. 2. Thus, if we denote the ball image coordinates
as ., y. [pixels], then by adopting perspective projection model (Haralick and Shapiro, 1993) the relationship between
cartesian coordinates [meters] and image coordinates [pixels] can be given by:

A A
xc_<f>$+x007 yc__(f>y+yc0a 4
20 20

in which f € IR is the value of the camera focal length [meter] and A € IR is the meter-to-pixel transformation factor. The
constants ., y.o € IR are used in Eq. (4) to account for the translational displacement between the cartesian coordinate
system and the camera coordinate system. Observing that A f/zq is constant, the incorporation of Eq. (4) in the model of
Eq. (3) results in

Ze — Kq[(ze — xCO)O'zQ + (ye — yco)o'zB] + Kssin(a) = 0,

yc - Kl[(yc - ch)B2 + (xc - ch)O‘ﬁ] - KZSZn(ﬁ) = O> (5)
Kl = za K2 = |:7g)\f:| )
5 52’0

which consists on the plant dynamics described in terms of image coordinates. As can be noticed, the control variables,
namely, the input voltages for the tilting motors, are not explicitly present in the expressions of Eq. (5). For this reason,
the motors’ equations of motion need to be introduced in the present system modeling. The DC motors considered in this
paper are armature voltage driven. Their dynamics of motion can be found in many control textbooks (Dorf, 2008). In the
following, we present the dynamics of motor « :

Oé(S) Km Km.

Va(s) ~ 5[(Ra T 5La)(Js + B) + Knky] ~ s[(Ra)(Js + B) - K]’ ©

being K, the motor torque constant [N.m/A], K, the back-emf constant [V.s/rad]; J,, the rotor inertia [N.M .52 /rad];
B the rotor damping factor [N.m/(rad/s)]; R, the armature resistance [2] and L, the armature inductance [H]. In
general, the armature inductance value L, is three orders of magnitude smaller than the value of the armature resistance.
In this case, the term (R, + sL,) can be replaced by (R, ), without loss of generality and then, the motor dynamics
reduces to the one on the right-hand side of Eq. (6). For motor 3, the model is similar but with minor differences:

/8(8) Kﬂ’l,

= — — — — — . 7
Va(s)  s[(Ra)(Js+ B) + K, Ky ™
The models in Egs. (6) and (7) can also be represented in time domain as:
. RaB + Kme . Km A RGB + [_{m[_(b ; I_(m
- _ V., = /T — | V3. 8
¢ ( TR, )”(JRQ) ’ ( TR, )“(JR) ’ ©

Thus, to take advantages of the formulation of Eq. (8), we need to linearize Eq. (5). For this purpose, we consider the
occurrence of small tilting angles o = +5° = 0.087 rad and 8 = £5° = 0.087 rad, such that sin(«a) = a, sin(f8) = .
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Also, we assume sufficiently small tilting velocities v << 0 and 3 << 0. From last hypothesis, the quadratic and crossed
terms involving ¢ and 3 can be neglected, i.e., &2 ~ 0, & ~ 0 and 5% ~ 0, and then Eq. (5) becomes:

i'c = _K2a7 j/.c = KQﬁ . (9)

Then, by taking the second order time derivatives of the expressions in Eq. (9), based on Eq. (8), we finally achieve
the dynamical model for the plant:

-. R,B+ KKy . -Ky K, :: .
o (B (), e,

JR, JR,
BB+ Kok P (10)
i a mAVb 5 2 m i :
=Ko | ————"— - Vi .= Vs.
U 2( i >6+(JRQ) 5 — e = p28 + 02Vp
P2 o2

5. CONTROL DESIGN VIA TRADITIONAL ADRC METHOD

In this section, the position control of the ball and plate system described by Eq. (10) is addressed. In this work, we
adopt the Active Disturbance Rejection Control (ADRC) method (Han, 1998; Gao et al., 2001; Han, 2009; Xue et al.,
2015; Xia et al., 2016) to deal with model uncertanties. It is important to point out that such uncertainties may occur
in the plant parameters in (10) in particular due to the lack of exact knowledgement of motor’s constants and of camera
intrinsic parameters therein.

For the sake of simplicity and also due to the similarity of the expressions in Eq.(10), the control design will be carried
out only considering the state variable x.(¢). Following the design procedures discussed in (Han, 1998; Gao e al., 2001;
Han, 2009), the x.(t) dynamics can be rewritten in the format:

Ze=h(t) + 01Va, h(t) = pic. (11)

In (Han, 1998; Gao ef al., 2001; Han, 2009), the function h(¢) is denoted by generalized disturbance term and repre-
sents a combination of the non measurable signals of the system. As part of the traditional formalism, the control law the
control V,, is chosen as:

1 5 N N x N .

Va = <U_> [—h(t) — d3IC — ngC — dll‘c — d()ZEC + doxc} , (12)
1

in which 2} € IR is the set-point coordinate in the image, d3, d2, di, dy € IR are the coeficients of a monic and stable

polinomial of order 4, and Z = [h(t); &e; dc; de; @o]7 represent the estimate of vector Z = [h(t); ic; #e; de; 2|7,

generated by an extended state observer (ESO) of the form:

01 000 0 L
00100 0 Lo
Z=10 001 0[Z—-| 0 |u+| Lz |e,,
0 0 0 0 1 g1 L4 (13)
00000 0 Ls
L

w=[1 00 0 0]%Z,

In the observer plant of Eq. 13, L = [Ly; Lo; L3; Ly; Ls)T represents the vector of observer gains and v € IR
represents the observer output signal. The observer-based control scheme of ADRC method is illustrated in the diagram
of Fig. 2

Remark 1 As can be verified from the previous developments, the designs of the control law of Eq. (12) and of the ESO
of Eq. (13) are dependent on the exact knowledgement of the control gain o1. Such design difficulty has been avoided
in several ADRC schemes by assuming that o1 is completely or partially known a priori (Han, 1998; Gao et al., 2001;
Han, 2009; Madoriski and Herman, 2011; Zhu et al., 2014; Xue et al., 2015; Xia et al., 2016). Contrasting with the
strategies proposed on the cited works, in the present paper we introduce a modified ADRC framework in order to deal
with uncertainties within the parameter o.
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Figure 2: Illustrative Diagram of the traditional ADRC scheme.

6. CONTROL DESIGN USING AN ENHANCED ADRC METHOD

In order to deal with the parametric uncertainties that appear in the control gain ¢ of Eq. (11), a modified version
of the Active Disturbance Rejection Control approach will be introduced. The main idea of the proposal is to introduce
a structural transformation in the input/output description of the original system, in order to obtain a new dynamical
equation with a known control gain. Once it has been achieved, then the ADRC method will be applied to the transformed
system without restrictions. The proposal to produce the cited transformation consists in the introduction of a constant
gain K cascaded with the plant output and a forth order linear (stable) filter Q(s) in parallel with the overall input/output
model, as depicted in Fig. 3.

E T N N /T T T T T T T T T T T N
Xesve | : VoVl a, B X,y 1Xcs Ve : | Xe. Ve
CONTROLLER | | MOTORS »| MECHANISM p| CAMERA L » K
T T T T N
| | | | | !
I A | \ ) ) I I I
[ [ Visual servoing | | |
| \_|__ ‘\ Ball-and-Beam ) | |
1 N e | |
: s £ / :
| L ( 4 |
s+a)

| |
I Oo () I
| |
[ |
! P> ESO -t :
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. Z ] .
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Figure 3: Illustrative Diagram of the Enhanced ADRC proposed in the present work.

As will be shown, the proposed scheme will perform slight modifications on the input/output plant description that
will not affect the control objectives outlined for the original plant and, also, will bring out some useful mathematical
properties for the control design.

6.1 Control law definition

In time domain, the output variable Z. of the transformed plant is defined by:

T. = K xc'i'vafa
: .. . . (14)
QO(S) : Vaf = —'73‘/04]” —72Vaf _'Ylvaf _'YOVaf+Vaa

in which 73, 72, 71, 7o are coeficients of the polinomial (s + a)?, and V, ¢ € IR is the filtered version of the control
signal V,,, generated in the output of the filter Qo (s) in Fig. 3.
By differentiating the signal z. of Eq. (14) four times, the dynamics of the transformed system will be given by:

To = Kyp16+ Ky01 Vi — 18Vas = V2Vas = 11 Var = %0Vas + Va - (1>

()

In the present work, the design constant K is defined as

K, = ko sign(oy), ko>0€elR. (16)
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Based on Eq. (15) and Eq. (16), the frequency domain expression for V,,(s) is given by:

(38" + 728 + 718+ 70)s
st + 7383 + Y282 + 115 + 70

Va(s) = —kolon |Va(s) — [ } V() + () = —(kolo] +7a) %

4 koloi|va+y2 ) .3 koloilye+m ) .2 koloi|vi+70 koloi]vo
§°+ ( kolo1[+v3 ) 5"+ ( kolo1[+v3 ) 5+ ( kolo1[+v3 ) 5+ (7@0|U1H"Ys) (17)
x 1 3 2 Va(s) +((s)
s+ 9387 + 7257 + 715+ %0
co
sVa(s) = = [(ko|o1| +73)co] Val(s) +((s), (18)
—_—

cy
in which ¢g > 0 € IR is dummy variable introduced only for analysis purpose. Thus, adopting a sufficiently large value
for kg in Eq. (16), then the variable ¢y on the right-hand side of Eq. (17) will become sufficiently close to the unit value.
Once we know that kg, 73, co are positive, we guarantee that constant c; in Eq. (18) will be positive which implies that
V. (t) will be bounded for every bounded ((t), i. e.,

Vo) = () <60 (19)

s+

Thus, based on Eq. (19), the Eq. (15) assumes a more simple format, namely:
ie=Koproo+c1V + Vi . (20)
N—_——
¢
Now, adopting the ADRC formalism to rewrite Eq. (20), we obtain:

w(t) = Kspld +ca V.

Under the new framework, the control law is defined by the signal V... Now, the ADRC method can be applied without
restriction because the term V/, has unitary control gain. Based on Eq. (12), the control law for the plant (21) can be chosen
as

Vi, = —1(t) — dse — dote — dye — dofe + do? | (22)

being % = K,z the modified set-point value and 7 — [a%c, %C, f:c, Ze, ﬁ(t)]T the vector of estimated states whose
dynamics are governed by the ESO:

01 0 00 0 Ly
: 00100/, 0] Lo
Z=|0 001 0|[Z+ |0 |Voa+| L3 |ep,
0 00 01 1 Ly
00 0 0 O 0 Ls
—_—— (23)
A B L
w=[100 0 0]Z,
C
Cop — w — ’lf}
Defining
6. —Z-2, @
and supposing that ) (¢) is differentiable, the observer error dynamics will be given by:
-Ly 1.0 0 0 0
—-L, 01 0 O 01
éz=| —L3 0 0 1 0 |e,+| 0 [v(),
—-Ls 0 0 0 O 1
(A-LC) A
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6.2 Observer convergence

In order to study the influence of the generalized disturbance ¢/ (¢) in the convergence of the observer estimates Z in
Eq. (23), let us analyse the input/output relationships of Eq. (25) regarding 1() as an input in standard form and the state
variables 71, Z», Z3, Z4, Z5, one at a time, as the system output, i.e.,

Em,(S)
éxi:Ciéxa (121774)

= CilsI — (A=LC)[ A, s0(s) = £{d(t)} , Buils) = £{ew)} 6

In Eq. (26), C; accounts for the choice of the error variable, for instance, for €, one may assign C; = C; = [10000],
for é,2 one may assign C; = Co = [0 1 0 0 0] and so on. Then, by using Eq. (26), we obtain the following relationships:

Ei(s) 1 Eia(s) s+ Lo

sU(s) 854 Lis*+ Los® + L3s? + Lys+ L5’ sU(s) 85+ Lys* + Los® + L3s? + Lys+ Ly’
E.3(s) _ s+ Lis+ Lo EL4(s) _ s34+ L18% + Las + Ly 27
sU(s) $5 4+ Lys* + Los3 + L3s? + Lys + L’ sU(s) §5 4+ Lys* + Loys3 + L3s2 + Lys+ Ly’
E5(s) s* 4+ L1583 + Los® 4+ Lys+ Ly

sU(s) 854 Lys*+ Los® + L3s2+ Lys+ Ls’

Then, as can be seen from the expressions in Eqs. (27) and (29), for sufficiently large choices of wg, we can force the
observer state error variables to reach values that are sufficiently close to zero. Such particular characteristic, becomes
more clear when taking a closed look at F,4(s) expression in Eq. (27):

Eus(s) _ W(s) — ¥(s) : Ls

= \I/ =
sU(s) sU(s) - () $% + Lys* + Los® + L3s? + Lys+ Ls

U(s). (28)

That is, the estimate 1[)(1%) of the generalized disturbance ¢ (¢) can be made arbitrary precise by choosing sufficiently
large values wqy > 0 for the observer poles, namely:

(s +wp)® = 8° + Lys* + Los® + L3s® 4+ Lys + Ls,

. (29)
Ly =5wg, Ly = 10w? , Ly = 10w] , Ly = 5wy, Ly = wj,
6.3 Closed-loop stability

Replacing the control law of Eq. (22) in Eq. (21), we have that:

To + dsiie + doiic + dyie + doZie = doT}, + €y5 + d3€gza + da€y3 + di€g2 + dolyi - (30)
In frequency domain, we can notice that:

X (S) _ doX:(S) + dgEx4(S) + dgErg(S) —+ dlEzQ (S) —+ doEIl(S) —+ Exg,(s) (31)

¢ 5%+ d3s3 + des? +dys+ dy st 4 dssd +das? +dis+dy ’
Xe1(s) Xea(s)

in which becomes clear the term due to the set-point response X (s) and the term due to the observer errors X0 (s). For
the set-point contribution, application of the Final Value Theorem is sufficient to reveal its steady-state response:

. . s . doZ; -
tg%lo xd(t) o il—lfé SXd(S) B ShE)I(l) <S4 + d353 + d252 + dls + do) = Te- (32)

For the analysis of the observer errors response X .2 (), we need to use the expression in Eq. (27) in order to reach:

1 Ls
X = 1= U(s). 33
2(8) <S4 +d383 +d282 +d18+d0> ( o +L154 +L233 —|—L352 +L4S+L5) (8) ( )

As it is verified from Eq. (33), if () is bounded then the term X () can be forced to be small enough if we choose
sufficiently large values for the observer poles in Eq. (29). Thus, if the boundedness property of the function v (¢) is
established then the boundedness of Z.2(t) and Z.(t) are guaranteed. The last conclusion will also imply the boundedness
of all the closed-loop system signals.
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However, before going on with the analysis, consider the definition of ¢ (¢) in Eq. (21):
Y(t) = Kspra+ a1V . (34)

In a real system, the armature voltages Va, Vs span between £V, , Viqr > 0. Because of this, when the motors
rotate, their angular velocities ¢ and ﬁ will be restricted to the ranges a4, and :l:ﬁmam, respectlvely That is, the
limited maximum and minimum voltage levels define the highest angular velocities &4, and Bmaz for both motors, in
both directions of rotation. Thus, the boundedness property of function v(¢) is guaranteed and its maximum value in
Eq. (34) is given by:

|1/}(t)| < Yrmaw s Vmaz = ‘Ks|p16‘max +c1Vsat - (35)
From the last expression of Eq. (35) and from Eqs. (34) and (35), it is possible to conclude that
lim () =z — lim 2. (t) ~ a . (36)
The boundedness property of w( ) also implies boundeness of the observer errors €,1, €2, €3, €24, €5 in Eq. (27)
and the estimated states Zl, Zg, Zg, Z4, Z5 in Eq. (24), which concludes the overall analysis of the closed-loop system.

Remark 2 Given the similarities of the dynamics of the state variables x.(t) and y.(t), in Eq. (10), the whole analysis
made up to this point, regarding the system x.(t), can be reproduced to study the stability of the state variable y.(t).

7. SMULATION RESULTS

In this section, we present and discuss the simulation results obtained with the application of the proposed method. In
the following, we highlight the equations used in the simulation codes.

e Ball and plate mechanism of Eq. (3):
e The camera projection model of Eq. (4):
e The motors dynamics of Eq. (8):
e The system transformation based on Eq. (14):
Te = Koxe+Vay, Yo = Ksye+Vay. (37)

e The filter dynamics based on Eq. (14):

QO&( ) : (yf = _'YSVaf - 'YZV(yf - 'Ylvaf - VOVaf + Vaa (38)
Qus(s) = Var = —13Vas —12Vias — Vs —10Vas + V.
e The control law based on Eq. (22):
Vo = =) (t) — dse — doZe — diZe — doZie + do, 39)
Vi = —y(t) — d3ge — doye — d15e — dofe + doF; -
e The extended observers based on Eq. (23):
Zo=AZy +BV, + Leg, , Zs = AZs +BVj + Legg
o = CZa, iy = CZg, (40)
ewa:ﬂ}a—ﬁ)a, ewgzﬁ)/j—’lf)g.

The simulation was coded using MatLab/Simulink”? during a time range of 12.5 s. The parameters used in the
code were: (Ball) m = 0.008 Kg, g = 9.81 m/s?, r = 0.02 m, I, = 1.76e — 5 Kgm?, (camera) f = 0.006 m,
A = 100, zp = 1 m, (motors) K,,, = K,, = 35.28, 01 = —oy = —290.78, p1 = pa = 1420.5, (observers) wy = 200,
(filters) a = 10, (controller) dy = 625, d; = 500, do = 150, d3 = 20. The set-points chosen for the system were the
four corners of a rectangle defined in the image space which corresponds to the following cartesian space positions [m]:
(1)(—0.05,0.02), (2)(0.05,0.02), (3)(—0.05,—0.02), (4)(0.05, —0.02) and (5)(—0.05, 0.02). The simulation results are
presented in the graphics of Figs. 4 and 5.

In Fig. 4, we noticed that the plant output converges to the four set-points as predicted by the theoretical analysis. The
observer errors tend to zero very fast which enabled the control law to completly reject the generalized disturbance term
1(t). As can be seen in Fig. 5, saturations on motors input voltages are viewed initially due to the large error signals at
the beginning, i. e. at t = 0. Despite such saturations, stability and convergence properties of the overall closed-loop
system were verified.
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8. CONCLUSION

This work proposed a mathematical solution for the position control of a Ball and Plate mechanism with uncertain
parameters, based on visual servoing and the Active Rejection Control methods. The idea of the work was to develop an
extension of the ADRC controller which accounts for the uncertainty in the control gain of the plant. To solve the problem
of set-point regulation of the ball, a modification in the original ADRC control scheme was proposed that consisted in the
introduction of a compensator in parallel with the plant. An interesting feature of the developed strategy was the relaxation
of the requirement of exact knowledge of the value of the original control gain of the plant. In this work, such requirement
was reduced to the one of knowing its sign. The main contributions of the present work are (i) the exact knowledgement
of system parameters, i. e., camera intrinsic parameters and motor’s electromechanical constants are not required; (ii) the
control synthesis is simplified due to the use of a reduced set of design constants; (iii) complexity is reduced due to the use
of linear structures both on the observers and on the control laws. The stability and convergence properties of the closed
loop system were proved by the theoretical demonstrations and the application of the method in a numerical simulation.
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