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Abstract. The hydrodynamic bearings represent an important component of rotating machines due to their large use in 

the industry. In this case, the load is supported by a thin film of lubricant that separates the shaft from the bearing (i.e., 

there is no direct contact between metal parts). Thus, this subsystem can theoretically offer infinite life, considering 

that the rotor operates under safe dynamic conditions and with clean lubricant. Different mathematical models can be 

used to represent the dynamic behavior of hydrodynamic bearings. This work is dedicated to the comparation between 

the results obtained by using the hydrodynamic (HD) and thermohydrodynamic (THD) models for cylindrical bearings. 

The HD model is based on the solution of the classical Reynolds equation, in which the oil viscosity is considered 

constant along the film, disregarding thermal effects. In the THD model, the Reynolds equation is modified to take into 

account the viscosity variation due to temperature gradients generated in the bearing. The results obtained by using 

both models are compared in terms of the maximum pressure, minimum oil film thickness, and the equilibrium position 

of shaft for a given applied load. 

 

Keywords: cylindrical hydrodynamic bearings, hydrodynamic model, thermohydrodynamic model.  

 

1. INTRODUCTION  

 

According to Meggiolaro (1996), the computational simulation of rotating machines is an indispensable resource 

for engineers. It allows a comprehensive understanding about the dynamic behavior of the system, considering the 

number of variables involved on the problem. Thereby, a mathematical model capable of representing satisfactorily the 

dynamic behavior of a rotating machine is obtained by taking into account various subsystems. The bearings are one of 

the most critical subsystems of the rotor system, influencing significantly on the performance, life, and reliability of the 

machine. According to Vance et al. (2010), many problems in rotating systems can be attributed to the design and 

application of the bearings. Thus, understanding the physical phenomena that involve the bearings is essential to 

improve the dynamic performance of the system (Cavalini Jr et al., 2014).  

The hydrodynamic bearings represent an important component of rotating machines due to their large use in the 

industry (Riul, 1988). In this case, the load is supported by a thin film of lubricant that separates the shaft from the 

bearing (i.e., there is no direct contact between metal parts). Thus, this subsystem can theoretically offer infinite life, 

considering that the rotor operates under safe dynamic conditions and with clean lubricant (Vance et al., 2010). It is 

worth mentioning that due to the oil film, the damping effect on hydrodynamic bearings is more pronounced than in 

rolling bearings, which is beneficial in machines that go through critical speeds during startup and stop down 

procedures. Due to the high load capacity, hydrodynamic bearings are commonly used in large rotating machines, such 

as hydroelectric plant generating units. 
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Cylindrical hydrodynamic bearings present consolidated mathematical models (Childs, 1993). Such models are able 

to determine the pressure field on the oil film and, consequently, the hydrodynamic supporting forces. In the HD model 

of cylindrical bearings, the thermal effects are neglected. Thus, the oil film viscosity is constant throughout the oil film 

(Riul, 1988). The thermal effects are considered only in THD model. In this case, the Reynolds equation is initially 

solved for a uniform oil film temperature to determine the supporting pressure distribution and the fluid velocity field. 

The temperature of the oil film along the bearing is obtained from the solution of the energy equation, which depends 

on the fluid velocity field. Consequently, the pressure distribution can be determined considering the resulting oil film 

temperature. This process continues until convergence is achieved. In the equilibrium condition, the hydrodynamic 

supporting forces and the external load applied to the shaft are equal.  

In this condition, the results obtained by using the HD and THD models for cylindrical bearings are compared. The 

HD model is based on the solution of the classical Reynolds equation, in which the oil viscosity is considered constant 

along the film, disregarding thermal effects. In the THD model, the Reynolds equation is modified to take into account 

the viscosity variation due to temperature gradients generated in the bearing. For a given external load, the results 

obtained by using both models are compared in terms of the maximum pressure, minimum oil film thickness, and the 

equilibrium position of shaft. The maximum temperature obtained by using the THD model is also presented. The 

results were obtained by considering a cylindrical bearing installed on the Francis hydro power unit. 

 

2. CYLINDRICAL BEARINGS 

 

In this work, the hydrodynamic forces are determined from Reynolds equation modified in its dimensionless form 

(Eq. (1)). In this approach, the energy equation is inserted into mathematical modeling considering that the temperature 

is constant in axial direction of the bearing and neglecting the conduction between the lubricating fluid and the 

surrounding parts (shaft and bearing) according to the modeling proposed by Daniel (2012). It is noted that there is no 

variation of pressure in the radial direction due to the thin oil film thickness. Figure 1 represents a hydrodynamic 

cylindrical bearing and its main geometrical parameters.  
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being 2x x R  e 
hz z L  the dimensionless coordinates into X  and Z  directions, respectively, R  is the shaft 

radius, 
hL  is the length of bearing, C  is the radial clearance of bearing, e  is the eccentricity (radial displacement from 
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          a) XY plane                                 b) YZ plane                        c) Discretized mesh. 

 

Figure 1. Physical modeling of hydrodynamic cylindrical bearing. 

 

the center of shaft 
EO  to the center of bearing), 

h  is the angle that defines the equilibrium,   the rotation speed of 

shaft, 
0    it is the dimensionless oil viscosity ( 0  is reference viscosity),    0,h hp p x z R C   is the 

bearing hydrodynamic pressure (dimensionless), t t  is the temporal dimensionless coordinate and 

1 cos sinh R Rh x y     it is the dimensionless oil film thickness, in which, 
Rx  and 

Ry  are dimensionless coordinate 

of the center of shaft, obtained from cosR hx E   and sinR hy E  ,  where E e C . 

Applying the finite volume method in Eq. (1), the following equation is obtained:  
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To obtain the pressure field, Eq. (3) is evaluated for each of the considered finite volumes. Then, this set of 

equations can be written in the form of a linear system, where {P} represents the vector containing the pressures of all 

control volumes, [C] is the matrix of the coefficients obtained from Eq. (4), and {B} represents the source terms of each 

finite volumes. The solution of the linear system can be obtained directly through the inversion of the matrix [C] (Eq. 

(5)), considering the boundary conditions showed in Eq. (6).  
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The temperature distribution in the oil film can be determined by means of the energy equation in its two-

dimensional form applied to an incompressible fluid (Eq. (7)), since the heat transfer in the bearing occurs 

predominantly in the radial direction, disregarding the energy transfer in the axial direction (Daniel, 2012).  
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where cp and k are specific heat capacity and thermal conductivity of fluid, respectively, and u, v, and w are the velocity 

components of the fluid along the X, Y, and Z directions, respectively, as shows the Eq. (8).  
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Similar to the solution adopted to the Reynolds equation, the Energy equation must be solved by using numerical 

methods. According to Daniel (2010), due to oil film thickness variation along the circumferential direction, a 

coordinate transformation is used to change the non-uniform physical mesh into a uniform computational mesh, which 

will be discretized by using the finite volume method. Thus, the coordinates x and y are replaced by the dimensionless 

coordinates 2x R  and 
hy h  . Figure 2 shown the mesh resulting from the applied coordinate transformation. 

 

 
Figure 2. Construction of the computational mesh. 

 

Applying the finite volume methods in Eq. (7), the following equation is obtained:  
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where, 
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being   and   interpolation coefficients determined by using the Peclet number (Maliska, 2004) and 
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The oil film temperature is also determined by the direct solution of the linear system presented in Eq. (11), 

according to the boundary conditions shown in Eq. (12). It is worth mentioning that the mixing temperature condition 

Tmix resulted from the mixing between the replacement fluid and the circulating fluid in the bearing is modeled 

according to the approach presented by Nicoletti (1999).  
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The oil viscosity is calculated along the mesh from the obtained temperature field. The oil viscosity is applied in the 

Reynolds equation to determine the pressure distribution. Equation (13) presents the relation used to obtain the oil 

viscosity from the temperature. 

 

  .exp
273.15

b
T a

T c


 
  

  
             (13) 

 

where T  is the oil temperature in Celsius degree, a = 1.864 x 10-9, b = 5499, and c = 0.8534 (coefficients a, b, and c 

calculated for oil ISO VG 68). 

As mentioned, the viscosity field is applied on the Reynolds equation and the pressure and temperature fields are 

recalculated. This process is repeated while the largest difference between the two-step viscosity values is less than a 

given tolerance. After convergence, the hydrodynamic forces are calculated by integrating the pressure field over the 

bearing area, as shown in Eq. (14).  
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where z is the axial coordinate and   is the angular coordinate. 

It is important to note that the solution of the pressure field is associated with the balance between the hydrodynamic 

force and the external loading that is supported by the bearing. In this way, the equilibrium position of the shaft in the 

bearing, represented by the position E, and the angle of equilibrium h   (see Fig. 1), are determined when: 

 

0W hF F                 (15) 

 

For a better understanding of the adopted calculation procedure, two flowcharts are shown in Fig. 3. Figure 3a 

presents the flowchart referring to the HD model, in which the viscosity is considered constant. Figure 3b shows the 

flowchart referring to the THD model, in which the viscosity is calculated as a function of temperature. In both models, 

an optimization procedure based on the SQP algorithm (Vanderplaats, 2007) is used to determine the equilibrium 

position of the shaft ( E , h ).  

 

     
                                

                                 a) HD model.                      b) THD model. 

 

Figure 3. Flowchart of the force equilibrium convergence process for the HD and THD models. 

 

3. SEQUENTIAL QUADRACTIC PROGRAMMING 

a b 
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According to Vanderplaats (2007), the SQP algorithm is a direct method used for dealing with constrained 

minimization problems in which the search direction S is found by solving a sub problem with a quadratic objective 

function and linear constraints. For this aim, a quadratic approximation of the augmented objective function is created 

(i.e., from the association of the Lagrange multipliers λ with an exterior penalty technique) and a linear approximation 

for the constraints is written, as shows Eq. (16). 
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where X is the vector of design variables and B is initially an identity matrix that will be updated on subsequent 

iterations. The parameters δj and   are used to prevent inconsistences between the linearized constrains gj and hk (i.e., 

typically 0.9 ≤ ≤0.95). The δj parameter is defined as follows: 
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The direction-finding problem described by Eq. (16) is actually a quadratic programming problem and special 

techniques should be used for its solution. The associated one-dimensional search is written from the determined search 

direction S and an exterior penalty function ϕ, as given by Eq. (18).  
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where X = X q-1 + αpS, uj = | λj | (j = 1, m + l) in the first iteration, uj = max [| λj |, 0.5 (u’j + | λj |)] for the subsequent 

iterations, and u’j = uj from the previous iteration. In this case, αp = 1.  

 

4. NUMERICAL RESULTS 

 

Table 1 shows the geometrical parameters and the operating conditions of the cylindrical bearing used in this work. 

As mentioned, this bearing is installed in a Francis hydro power unit.  

 

Table 1. Parameters of cylindrical bearing used in the simulations. 

 

Parameters Value 

Bearing diameter [m] 0.5504 

Shaft diameter [m] 0.5500 

Bearing length [m] 0.440  

Radial clearance [m] 2.10-4 

Rotation speed [rpm] 300 

Radial Load [N] 81,500 

Oil type ISO VG 68 

Reference viscosity [Pa.s] 0.0752 

Reference temperature [ºC] 40 

Inlet oil temperature [ºC] 40 

Specific heat capacity of the oil [J/kgºC]  1,890.8  

thermal conductivity of the oil [J/s.mºC] 0.1316 

Number of volumes along the X direction 50 

Number of volumes along the Z direction 50 

Number of volumes along the ξ direction 50 

Number of volumes along the η direction 10 
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The number of finite volumes used along the X, Z, ξ, and η directions was obtained from a convergence analysis 

performed considering the THD model of the bearing. In this case, the number of volumes in the X, Z, and ξ directions 

were considered equal to define a regular computational mesh. In preliminary tests, the convergence along the η 

direction was achieved considering 10 finite volumes. In this way, the mesh convergence analysis was devoted to 

determine the number of volumes in the X, Z, and ξ directions. This analysis was done by means of the errors in the 

estimation of the bearing forces in the X and Z directions (see Fig. 1), the maximum pressure in the oil film, and 

maximum temperature. The results of the convergence analysis for the cylindrical bearing are shown in Fig. 4. In this 

case, the center of the shaft was displaced by 60 μm along the X direction (30% of the radial clearance, see Table 1). 

Note that the mesh convergence was achieved for X = Z = ξ = 50 volumes.  

The values of eccentricity, maximum pressure, and minimum oil film thickness calculated according to the HD and 

THD models were compared and the results are presented in Tab. 2. In this case, the equilibrium position of the shaft 

was determined considering the radial load presented in Tab. 1. Additionally, regarding the HD model, the oil film 

temperature was considered constant and equal to the inlet oil temperature (See Tab. 1). As expected, the minimum oil 

film thickness determined by using the THD model was smaller than the value obtained by using the HD model. The 

minimum oil film thickness is given by the bearing radial clearance minus the shaft eccentricity. It is also observed that 

the maximum pressure obtained by using the THD model is smaller than the result determined by the HD model. These 

differences are associated to the reduction in the viscosity of the oil according to the rise of the temperature.  

Figure 5 presents the pressure field obtained by using the HD model. Figure 6 shows the pressure and temperature 

fields obtained by using the THD model.  

  
a) b) 

  
c) d) 

 
Figure 4. Convergence analysis of the bearing mesh (    obtained results;       fitted curve): a) force in the X direction; b) 

force in the Z direction; c) maximum pressure; d) maximum temperature. 

 

Table 2. Comparative results between HD and THD models. 

 

Variables HD model THD model Difference [%] 

Eccentricity 0.097 0.245 60.41 

Angular position [degree] 4.86 5.02 3.19 

Maximum pressure [MPa] 0.656 0.653 0.46 

Minimum oil film thickness [µm] 180 103 74.76 

Maximum Temperature [ºC] ----- 52.8 ---- 
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Figure 5. Pressure field obtained by using the HD model. 

 

 

 

 
 

 

Figure 6. Pressure and temperature fields obtained by using the THD model. 

 

Table 3 presents the results obtained by using the THD model (cylindrical bearing at the equilibrium position) and 

measured in a Francis hydro power unit (normal operating condition; see Tab. 1). Note that the obtained results are 

similar to the experimental data, demonstrating the representativeness of the considered THD model. 

 

Table 3. Comparative results between the THD model and the experimental data. 

 

Variables THD model Experimental  Difference [%] 

Eccentricity 0.245 0.300 18.33 

Maximum temperature [°C] 52.8 55.0 4.00 

 

 

5. CONCLUSIONS 

 

This work was dedicated to the comparation between the results obtained by using the HD and THD models for 

cylindrical hydrodynamic bearings. In the HD model, the thermal effects in the oil film are disregarded. Differently, in 

the THD model, the Reynolds equation is solved considering that the oil viscosity can changes due to temperature 

gradients. The results obtained by using both models were compared in terms of the maximum pressure, minimum oil 

film thickness, and the equilibrium position of shaft for a given applied load. As expected, different equilibrium 

positions of the shaft on the bearing were obtained by the considered models. Additionally, the representativeness of the 

THD model was demonstrated from experimental data measured in a Francis hydro power unit. Further research effort 
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will be dedicated to the analysis of both bearing models considering the complete rotating machine and, consequently, 

the associated dynamic effects. 
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