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Abstract. The evaluation of Vortex-Induced Vibrations (VIV) in slender bodies that have some yaw regarding the flow 

direction has become a major matter of research, since as solution it is a common practice to apply the Independence 

Principle (IP), a theoretical principle that is robust for a wide range of flow conditions but that starts disagreeing with 

the experimental results when the yaw angle increases. Thereby, an error propagation is herein carried out to access 

the influence of each parameter uncertainty in the reduced velocity calculation. As a result, the differences observed in 

the IP might be more than just a physical matter, but also an uncertainty issue outcome. 
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1. INTRODUCTION 

 

The VIV phenomenon negatively affects several slender systems in engineering, most of them circular cylinders not 

perpendicular to the flow direction. In these cases, the Independence Principle (IP), see Eq. (1), ensures that forces and 

frequencies of vortex shedding in yawed cylinders are the same of those measured in cylinders perpendicular to the flow 

direction, considering that only the normal component of flow velocity acts on the yawed cylinders. 

 

𝑉𝑟 =
𝑈𝑐𝑜𝑠𝜃

𝐷𝑓𝑛
 (1) 

 

According to experiments as those found in King (1977) and Ramberg (1983), by applying the IP to fixed cylinders it 

is possible to predict reasonably well the forces induced by the near vortex shedding for yaw angles up to 45 degrees, 

value that depends on the experimental setup, particularly due to the boundary conditions in the cylinder tips. The IP, 

however, says nothing about the VIV responses, although according to Franzini et.al. (2013) it has a good capability to 

predict the lock-in range of velocities for the yawed cylinders, provided that the related physical quantities are well 

measured, including respective uncertainties. 

Based on the theory for propagation of uncertainties, for instance found in Preston and Dietz (2001), this work aims 

to analyze the uncertainties in the calculation of the reduced velocities by inspecting each of the quantities involved and 

their relative importance, additionally, taking into account, that the most significant of them are considered under a 

feasible range of values. 

 

2. METHODOLOGY 

 

The methodology consists of verifying the influence of the involved errors of the input variables in the mathematical 

formulation of the IP,𝑉𝑟 = 𝑓(𝑈, 𝜃, 𝐿, 𝜌𝑚𝑎𝑡 , 𝐶𝑎 , 𝜌𝐻2𝑂, 𝑘), using the propagation of uncertainties for independent variables: 
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𝛿2𝑉𝑟 =∑(
𝜕𝑉𝑟
𝜕𝑥𝑖

)
2

𝛿2𝑥𝑖 ,

𝑛

𝑖=1

 (2) 

 

where the reduced velocity is considered in its explicit form: 

 

𝑉𝑟 = 𝜋𝑈𝑐𝑜𝑠𝜃√
𝜋𝐿(𝜌𝑚𝑎𝑡 + 𝐶𝑎𝜌𝐻2𝑂)

𝑘
, (3) 

 

where 𝑈 is the flow velocity, 𝜃 the yaw angle, 𝐿 and 𝜌𝑚𝑎𝑡  are respectively the length and the material density of the 

cylinder, 𝐶𝑎 the added mass coefficient in still water, 𝜌𝐻2𝑂 the water density and 𝑘 is the stiffness constant. 

In order to determine the variables with greater influence in the reduced velocity uncertainty, a comparative analysis 

between the contribution of each variable to the error propagation was carried out. For the comparison an initial value of 

uncertainty was applied for a preliminary evaluation of the reduced velocity uncertainty, equal for every variable, with 

the preliminary results the more important ones were obtained. The value used for the uncertainty of the variable with 

more influence was then analyzed to verify if it agreed with typical values found in experiments. The evaluation was 

made based on the experiment of VIV in yawed cylinders found in Franzini (2013), with a range of feasible values for 

the variable of interest.  

 

3. RESULTS AND DISCUSSION 

 

After calculations of partial derivatives of the function in relation to the independent variables, Eq. (2), the uncertainty 

for Vr is given by: 

 

(
𝛿𝑉𝑟
𝑉𝑟
)
2

= 𝐶1 (
𝛿𝑈

𝑈
)
2

+ 𝐶2 (
𝛿𝜃

𝜃
)
2

+ 𝐶3 (
𝛿𝐿

𝐿
)
2

+ 𝐶4 (
𝛿𝜌𝑚𝑎𝑡

𝜌𝑚𝑎𝑡

)
2

+ 𝐶5 (
𝛿𝐶𝑎
𝐶𝑎

)
2

+ 𝐶6 (
𝛿𝜌𝐻2𝑂

𝜌𝐻2𝑂
)

2

+ 𝐶7 (
𝛿𝑘

𝑘
)
2

, (4) 

 

where the estimated errors are 𝛿 from the variables defined in Eq. (2), and Ci are constants defined as: 

 

𝐶1 = 1; 𝐶2 = 𝜃2𝑡𝑎𝑛2𝜃; 𝐶3 =
1

4
; 𝐶4 = 𝐶3 (

𝜌𝑚𝑎𝑡

𝜌𝑚𝑎𝑡+𝐶𝑎𝜌𝐻2𝑂
)
2

; 𝐶5 = 𝐶3 (
𝐶𝑎𝜌𝐻2𝑂

𝜌𝑚𝑎𝑡+𝐶𝑎𝜌𝐻2𝑂
)
2

; 𝐶6 = 𝐶5; 𝐶7 = 𝐶3 (5) 

 

A first analysis is carried out by considering typical quantities of water density 𝜌𝐻2𝑂 = 1000 𝑘𝑔 𝑚3⁄ , material density 

of the model 𝜌𝑚𝑎𝑡 = 2700 𝑘𝑔 𝑚3⁄ , added mass coefficient at still water 𝐶𝑎 = 1, velocities up to 𝑈 = 1𝑚 𝑠⁄  and yaw 

angles in the range 0∘ ≤ 𝜃 ≤ 60∘. Also, a maximum value of 2% is adopted for all the relative uncertainties. 

The graphs on the left of Fig.1 directly compare the relative weight of each portion in Eq. (3). 

Clearly, the reduced velocity calculation is quite sensitive to the uncertainty of dimensional velocity for yaw angles 

up to approximately 50 degrees, above which the uncertainty of measuring this angular quantity becomes gradually more 

important. 

Curiously, according to many experiments found in literature the validity of the IP is lost for angles a little higher than 

45 degrees, which is a behavior mostly assigned to the changes in the vortex shedding pattern. 

Also, as explicit in Eq. (1), the model diameter and its uncertainty have no influence for the calculation of the reduced 

velocity uncertainty. Moreover, the uncertainties related to the elastically supported model are less important (namely its 

length, the material density and the structural stiffness), as well as those related to the fluid (its density and the added 

mass). In fact, the added mass cannot be measured directly which justify a deeper investigation about its influence on the 

reduced velocity determination. 

Figure 1 on the right presents a visual comparison of the uncertainties in calculations of the reduced velocities as 

function of the uncertainties in measuring dimensional velocities and yaw angles. According to it, for the higher 

uncertainties related to velocities and angles, when calculating the reduced velocity, the uncertainties reach values up to 

𝜕 𝑉𝑟 𝑉𝑟⁄ = 0.045, which considered together with the changes in the flow pattern can explain the poor validity of the IP 

for higher angles of inclination.  
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Figure 1. On the left, comparison between relative weight of each portion in Eq. (3). On the right, mapping of the 

relative uncertainty of the reduced velocity, 𝜕 𝑉𝑟 𝑉𝑟⁄ , as function of combination of relative uncertainties of dimensional 

velocity, 𝜕 𝑈 𝑈⁄ , and yaw angle, 𝜕 𝜃 𝜃⁄ . 

 

Since the velocity plays an important role in the determination of 𝜕 𝑉𝑟 𝑉𝑟⁄ , for angles up to 20°, a proper evaluation 

was conducted to determine whether, or not, 2% is a good representation of the relative uncertainty of velocity. 

 

3.1. Evaluation of the Relative Uncertainty of Velocity 

 

The data was obtained from the work of Franzini (2013), an experiment with yawed cylinders in a wide range of flow 

velocities in a water channel. The cases evaluated are shown on Tab. 1 below, where seven different arrangements 

(conditions) were examined, due to the fact that the time histories of velocity were similar in magnitude in each of those 

arrangements. The conditions also consider variations in the yawed angle, heading of the cylinder, number of degrees of 

freedom (1DOF and 2DOF), resulting a total of 126 time histories of velocity analyzed. 

 

Table 1. Details on the arrangements for which the velocities were evaluated in this paper. 

 

Yaw Angle Heading 
 Degrees of 

Freedom 

0° - 1 and 2 

10° 
Downstream 1 and 2 

Upstream 1 and 2 

20° 
Downstream 1 and 2 

Upstream 1 and 2 

30° 
Downstream 1 and 2 

Upstream 1 and 2 

45° 
Downstream 1 and 2 

Upstream 1 and 2 

 

From the experiment, for each time history, the mean value of velocity and its standard deviation were obtained, as 

seen in Tab. 2. These values were used to obtain the mean value of velocity for each of the seven velocities conditions 

(VC), as well as the standard deviation was a mean value from each record standard deviation. With the velocities for the 
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seven conditions and the standard deviation the relative uncertainty of dimensional velocity was attained, by dividing the 

standard deviation by the mean velocity, as seen in Tab. 2 and in the Fig. 2 below. 

 

 

 

As can be observed in the graphic on Fig. 2, the relative uncertainty follows an approximate linear progression with 

the velocity, being more affected by the fluctuations of the phenomenon, and less by the experimental setup. As one can 

see, the relative uncertainty of velocity varies in a range from 0.013 up to 0.019, then a variation of 0.02, or 2%, is 

plausible for the matter of the previous analysis herein conducted. 

 

  
 

Figure 2. Relative uncertainty as function of the dimensional velocity, used as a base for defining a plausible value for 

evaluations under IP. 

 

The next step is to evaluate influence of the yaw angle, since as shown in Fig. 1 its importance increases considerably 

for angles bigger than 20°. 

The first approach was with a relative uncertainty of 2%, as all other variables, resulting an error equivalent to 1° for 

a desired yaw angle equal to 45°, which is a very acceptable and possible condition for carefully assembled arrangements 

in VIV investigation of yawed cylinders. 

However, considering all the difficulties for experimental angular assemblies, it is not impossible an error about 5%, 

or even 10%, being that, during an experimental setup the support of the model, or even the installation of the model 

itself, can show some undesired inclination. In Fig. 3 the influence of this proposed uncertainties in the reduced velocity 

is presented.  

 

Table 2. Data used to determine the mean velocities and the standard deviations, to obtain the uncertainties. 
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Figure 3. Relative Uncertainty of Reduced Velocity, for δθ/θ of 5% (left), and 10% (right). 

 

For a relative uncertainty of 5% in the yaw angle, the relative uncertainty in the reduced velocity can reach values 

close to 10%, and for an angle uncertainty of 10%, the reduced velocity uncertainty can get up to 18%, values that result 

in uncertainties of approximately +/-1 unit in the magnitude of reduced velocity. Accordingly, by considering a reduced 

velocity of 8 for instance, this desired value in fact would correspond to any reduced velocity varying from 6.56 to 9.44 

for an error of 10% in the yaw angle (4.5°), what can invalidate the prescribed result by IP and even the principle itself. 

 

4. CONCLUSIONS 

 

Uncertainty analysis is applied to the equation for calculation of the reduced velocity in experiments of VIV on yawed 

cylinders. The results show that the uncertainties related to the dimensional velocity plays the most important role for 

cylinders inclined up to 20 degrees. For higher angles the importance relies in the uncertainty of the yaw angle, since an 

error of 5% in the angle, can add up to a 10% error in the reduced velocity, compromising the results of the experiment. 
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