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Abstract. Metamaterials are a class of material with properties that do not occur naturally or are not obtained from
their constituent materials. In this work, the effects of an array of linear resonators (locally resonant metamaterial) on
the mechanical and aeromechanical behavior of a plate-like wing model are investigated. Finite element simulations are
performed using the commercial software Nastran along with a self-developed continuous model of a plate. In both cases,
the unsteady aerodynamic loads are obtained from the doublet lattice method. The bandgap created by the presence of
the array of resonators is compared to theoretical predictions recently discussed in the literature and its consequence to
the system aeroelastic behavior is analyzed.
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1. INTRODUCTION

In this work, the effects of resonant metamaterials - materials with properties that do not occur naturally or are not
obtained from their constituent materials (Pendry et al., 1999) - on the behavior of a flexible plate is investigated. An
important characteristic of elastic/acoustic metamaterials is their ability to tailor the propagation of elastic waves through
the generation of bandgaps. Bandgaps are frequency ranges of substantial wave attenuation due to wave scattering at
periodic impedance mismatch zones (Bragg scattering) (Kittel and Holcomb, 1967) or are generated by distributed res-
onating units (Liu et al., 2000). Bragg scattering bandgaps occur at wavelengths of the order of the unit cell size and they
have been successfully exploited in phononic crystals to filter, localize, and guide acoustic waves (Hirsekorn et al., 2006;
Oudich et al., 2011). Locally resonant metamaterials are capable of producing frequency attenuation regions that are not
dependent of the latticed constant defining the spatial distribution of the resonators. Therefore, locally resonant metama-
terials are able to generate low frequency attenuation zones (Liu et al., 2000), which have been primarily investigated for
vibration and noise radiation control applications as well as frequency filtering, wave guiding, and negative refraction.

The literature includes configurations of acoustic metamaterials with discrete absorbers (resonators) dispersed period-
ically in a stiff matrix. Yao et al. (2008) investigate one-dimensional mass-spring system with negative effective mass and
its anti-vibration applicability. Wang et al. (2004) investigate the effects of two-dimensional phonic crystals resonators
on the behavior of composite structures. Sonic bandgap (high frequency) was succefully induced in an alluminium plate
by Oudich et al. (2011). Several authors (Cui et al., 2009; Xiao et al., 2008; Still et al., 2011; Hirsekorn et al., 2006;
Hsu and Wu, 2007), consider local ressonators of one or more degrees of freedom in their research as well as Helmoltz
resonators in acoustic waveguide (Cheng et al., 2008; Fang et al., 2006). However, a challenge in acoustic/elastic meta-
materials research field is the ability to tune their performance for specific frequencies without requiring microstructural
modifications. An ideal case could be described as a metamaterial whose properties of the constituent materials could be
chosen or modified in order to tailor the bandgap region. Nevertheless, actively modifying the bandgap frequency range is
not practical for passive metamaterials, such as the locally resonant (mechanical) metamaterials, usually discussed in the
literature. The use of large deformations (Bertoldi and Boyce, 2008) and electro/magneto-mechanical coupling (Airoldi
and Ruzzene, 2011; Vasseur et al., 2011) managed to control the bandgaps in recent studies.

The objective of the present work is to investigate the behavior of a locally resonant metamaterial immersed in an
uniform airflow of constant speed. In a recent paper, Sugino et al. (2016) presents a novel argument and modeling for
bandgap formation in finite-length locally resonant metamaterias. The model, which is used as the reference model in
the present paper, is based on the modal analysis of a locally resonant metamaterial and on the assumption of infinitely
resonators. Considering the interaction of elastic metamaterials with flow, Casadei and Bertoldi (2014) created a self-
adaptative metamaterial with a periodic array of airfoil-shaped resonators attached to a flexible wing. Since the aeroelastic
behavior of each aeroelastic typical section changes with airflow speed, the bandgap formation is also modified for each
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flow speed considered in their investigation.
Although several types of aeroelastic phenomena have been investigated, flutter has received the most attention due to

its destructive nature (Bisplinghoff et al., 2013). Airplane manufacturers avoid flutter by increasing the structural stiffness
or mass redistribution, both causing significant strucutural weight increment. In this research, the aeroelastic behaviour of
a plate-like wing with an array of linear resonators will be numerically investigated. This preliminarily investigation will
be later extended to different aeroelastic phenomena as well as to the use of nonlinear mechanical absorbers.

2. MODEL

This section describes the mathematical models considered in the numerical simulation.

2.1 Metamaterial modeling

The metamaterial investigated in this research consists of an aluminium rectangular plate with locally distributed linear
mass-spring resonators. The dynamics of this set is modeled with simple action-reaction Newton law, by adding one extra
line and column in the mass and stiffness matrix of the original system for each resonator included, and adding the correct
interaction factors in the original matrix.

Equation (1) shows the governing equation of the plate and Eq. (2), the equation of the resonators.
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where w represents the plate deformation, mj is the mass, ωa,j is the natural frequency and uj is the relative displacement
of resonator j. δ is the dirac delta, m is the mass per unit area of the plate, f is an external force which is the aerodynamic
force, h is the plate thickness, E is the Young modulus and ν is the Poisson ratio.

The bandgap frequency width can be estimated for the pure mechanical behaviour assuming an infinite number of
resonators uniformly distributed over the plate (Sugino et al., 2016). Equation (4) shows the estimated bandgap width.
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where µ is the ratio of total mass of resonators to the original structure mass and the target frequency of the resonators is
given as,
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2ωc

1 +
√

1 + µ
(5)

and ωc is the central frequency of the bandgap.

2.2 Structural and unsteady aerodynamic modeling

The plate structural model is build based on the analytical modes of a vibrating plate (Leissa, 1969) with the corre-
sponding boundary condition (clamped at the root and free at the other edges). The aerodynamic model is the Doublet-
Lattice Method (DLM) (Albano and Rodden, 1969), which calculates the aerodynamic influence of the panels considering
a doublet line at the quarter chord of each one and its pressure disturbance at the collocation point, assumed at three quar-
ters of the chord and mid-span. There is a simplification in the equations when all the panels are coplanar (Blair, 1992),
resulting in
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where AIC (Aerodynamic Influence Coefficient) matrix, relates the incidence with the change of pressure coefficient in
each panel, U represents the free-stream velocity, w̄(x, y, 0) is the downwash at the collocation point located at (x,y,0), α
is the panel incidence, ρ is the air density, ∆ξ is the panel mean chord, B0, B1, B2 are geometry dependent parameters.

The coupling between the structural nodes and the aerodynamic control points is performed with an Infinite Plate
Spline (IPS) (Harder and Desmarais, 1972).

Combining the data obtained from the modeling specified above, the generalized airforce matrix (GAF), that relates
the modal displacements and the modal aerodynamic forces in the reduced frequency domain (NASA, 1981), is obtained
as,

[GAF ](k) = [ΦT ][GSS ][AIC(k)]−1 ([D1GG] + ik[D2GG]) [Φ], (9)

where Φ represents the modal shapes matrix, D1GG is the spline matrix relating the translation in the structural grids to
the change of incidence in the aerodynamic panels, D2GG is the spline matrix relating the translation in the structural
grids to the translation of the aerodynamic panels, GSS is the transpose of D2GG multiplied by the area of each panel and
k = ωb

U is the reduced frequency with b representing half of the mean aerodynamic chord.
The GAF is used in the frequency response function (FRF) and flutter PK-method (Hassig, 1971) calculations. The

FRF is the ratio of amplitude of a reference point to the base motion amplitude obtained from

FRF (ω) =

∣∣∣∣∣
∑N
i=1 ηiφi(xref )

w̄b

∣∣∣∣∣ , (10)

ηi =
w̄bω

2
∫ Lx

0

∫ Ly

0
φi(x, y)dydx

(ω2
i − ω2)LxLy

, (11)

where φi corresponds to the modal shape of mode i, xref are the coordinate points of the reference point where the FRF
will be evaluated, Lx and Ly are the plate length in x and y direction, respectively, ωi is the natural frequency of mode i,
ω is the base motion frequency and w̄b is the amlitude of the base motion.

The flutter solution technique employed is the modal PK-method (Van Zyl, 1993). The eigenvalue problem is summa-
rized in Eq. (12), corresponding to the matricial form from Eq. (13) and (14). This system is solved iteratively, obtaining
p (Eq. (15)) and k for each airflow speed and mode.[
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p = g + iω (15)

The hh index represents a modal parameter, p is the eigenvalue and q is the eigenvector of [A] matrix. The parameter
g indicates instability when positive, ω is the damped natural frequency of the considered mode; M, C and K represent
the structural mass, damping and stiffness parameters respectively. I is the identity matrix, ρ is the air density, U is the
airflow speed, k is the reduced frequency and b is the reference lenght equals half of the mean aerodynamic chord.

Time solution of the vibrating system is obtained with an approximation of the aerodynamic influence coefficient
matrix in the time domain with Roger’s method (Roger, 1977) and a state-space time integrator. This analysis allowed
a better motion visualisation and the outputs were considered for an energy investigation. The time solution is obtained
from the state space ODE shown in Eq. (16).
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[Ahh0], [Ahh0], [Ahh0], [R], [Eh] and [D] are matrices obtained from [GAF ] with Roger’s approximation, bhh is the
modal input force vector and q∞ is the dynamic pressure of the freestream.
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Figure 1. Dimensions in mm of the plate-like wing model

3. RESULTS

The simulations were performed considering an aluminium (ρ = 2750kg/m3, E = 70GPa, ν = 0.3) rectangular
plate (1.2x0.24x0.003 m), as shown in Fig. 1, imersed in an uniform airflow. The clampled end of the plate can be
connected to a shaker to introduce turbulence disturbances of a desired amplitude and frequency.

The aerodynamic mesh employed in the numerical analysis consists of 20 panels spanwise and 8 chordwise, consid-
ering half-span symmetry. The structural mesh contains 20 nodes spanwise and 9 chordwise. The metamaterial plate has
90 uniformly distributed resonators (10 spanwise and 9 chordwise) and the mass ratio to the original structure was set as
µ = 0.7 and the stiffness chosen in order to tune its natural frequency to create a bandgap at the flutter frequency of the
plain plate. The modal analysis were performed with 6 modes in the plain plate and all modes with natural frequencies
equal or below the 6th mode frequency in the metamaterial plate. Figures 2 and 3 show the PK flutter analysis of the plain
plate (without resonators). The linear flutter speed is V = 69.4 m/s and the flutter frequency is calculated as f = 5.95
Hz.

Figure 2. PK-method results of the plain plate
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Figure 3. PK-method results of the plain plate - flutter detail

Having verified the aeroelastic behavior of the plain plate, the aeroelastic behavior of the metamaterial plate is now
discussed. Figures 4 and 5 display the PK solution for the plate with an array of linear resonators. From the literature of
flutter, it begins at V = 60.3 m/s and f = 4.79 Hz (mode 2), but it is a soft flutter, i.e. this mode becomes slightly unstable
and returns to a stable state as speed increases. This kind of instability is easily controled with structural damping (not
included in this simulation) and does not represent a serious threat. The significant instability occours at V = 68.8 m/s
and f = 4.77 Hz (mode 3). The absorbers decreased the flutter speed and frequency.

Figure 4. PK-method results of the metamaterial plate
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Figure 5. PK-method results of the metamaterial plate - flutter detail

Figures 6 and 7 show the heatmap of the plain plate and of the metamaterial plate, respectively, and the flutter speed is
indicated in both cases. The heatamap shows the aeroelastic evolution with increasing airflow speed and also the bandgap
obtained for the metamaterial plate. A good agreement can be seen between this results and the PK flutter analysis, the
main difference consists of the abscence of the 3rd mode in the FRF, wich corresponds to the torsional mode. Since
harmonic base motion is uniform, then torsional modes are not expected to show in the heatmap at low flow speeds, but it
appears at high speed, close to flutter, due to modal coupling.

The bandgap can be observed in Fig. 7, corresponding to the blue strip around 6 Hz. The bandwidth calculated
from the heatmap is 1.617 Hz and 1.8 Hz when calculated form Eq. (4), showing good agreement between the infinite
resonators theory and the numerical simulation performed. Wider bandgaps are expected for larger mass ratios (that are
limited to 0.7 in the present work). Figure 8 shows the FRF for three cases: flutter of the plain plate, low flow speed
from the plain plate and the resonant metamaterial. It can be seen that the bandgap is centered at the original plate flutter
frequency and the introduction of resonators creates new peaks, marked with circles, at frequencies lower and higher than
the bandgap limits. The first two new peaks are the ones causing the soft and hard flutter (Fig. 5 and 7), explaining why
the flutter speed decreases with the inclusion of resonators.

Figure 6. FRF heatmap for different frequencies and airflow speed - plain plate
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Figure 7. FRF heatmap for different frequencies and airflow speed - metamaterial plate

Figure 8. FRF comparison

Another investigation was conducted with an energy analysis in order to comprehend the metamaterial mechanical
behavior. Figures 9 and 10 show the total energy of the system (potential elastic and kinetic) of the plate and the resonators
with time in different conditions, first at a pure mechanical resonance (flow speed zero and base excitation frequency 1.4
Hz) and inside the bandgap (flow speed zero and base excitation frequency 5.2 Hz) up to 40 seconds.

In Fig. 10 it can be seen that inside the bandgap the amount of energy on the plate is minimum compared to the
resonators, showing that in this condition the resonators absorb most of the system energy and the system energy level is
limited to a finite band, showing stability. Figure 9 compares the energy of plate and resonators in the first mechanical
ressonance, showing that the plate contains more energy than the resonators. In this case the total energy grows constantly,
corresponding to an unstable condition. The kinetic energy is shown for the same two cases up to 1 second in Fig. 11 and
12. At the resonance, the kinetic energy of the plate and the resonators are in phase, while inside the bandgap there is a
difference of approximately π

2 radians. This difference in phase is a consequence of the resonators operation principle:
the relative motion between the plate and the resonators creates a force in opposition to the plate movement tendency,
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canceling the vibration. During flutter (flow speed 68.8 m/s and base excitation frequency 4.8 Hz) energy grows so
quickly that the simulation achieves overflow in 0.16 seconds of simulation. The structure is accumulating energy from
the flow and is not able to dissipate it due to the abscence of damping in the model.

Figure 9. Total Energy comparison during first resonance

Figure 10. Total Energy comparison inside the bandgap
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Figure 11. Kinetic Energy comparison during first resonance

Figure 12. Kinetic Energy comparison inside the bandgap

4. CONCLUSION

Although metamaterial with linear mass-spring local resonating units have proved eficient to absorb energy in me-
chanical systems, the same conclusion cannot be achived for aeroelastic systems. The amount of energy introduced by
the airflow grows exponentialy when flutter occours, which cannot be totally absorbed by the resonators. The side effect
of the resonators inclusion is the creation of new resonances, which is not a problem in pure mechanical systems where
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there is no modal coupling due to aerodynamic effects. Damping should be necessary in order to the resonator eliminate
the extra energy and this configuration will be investigated further in a future resarch.
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