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Abstract. In this paper, the problem of transferring a space vehicle from a circular low Earth orbit (LEO) to a circular low 

Moon orbit (LMO) with minimum fuel consumption is studied. The class of two impulse trajectories is considered: a first 

accelerating velocity impulse tangential to the space vehicle velocity relative to Earth is applied at a circular LEO and a 

second braking velocity impulse tangential to the space vehicle velocity relative to Moon is applied at a circular LMO. Two 

dynamical models are used to describe the motion of the space vehicle: a new version of the patched-conic approximation 

which includes the eccentricity of the orbit of the Moon, and, the planar elliptic restricted three-body problem. In both 

models, the optimization problem has been solved by means of a gradient algorithm in conjunction with Newton-Raphson 

method. Numerical results are compared to other ones based on the classical patched-conic approximation or on the planar 

circular restricted three-body problem. 
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1. INTRODUCTION 

 

In this paper, the problem of transferring a space vehicle from a circular low Earth orbit (LEO) to a circular low 

Moon orbit (LMO) with minimum fuel consumption is considered. It is assumed that the propulsion system delivers 

infinite thrusts during negligible times such that the velocity changes are instantaneous, that is, the propulsion system is 

capable of delivering impulses. This kind of propulsion system is taken as a limit of constant ejection velocity 

propulsion system for highly thrust level. The class of two impulse trajectories is considered: a first accelerating 

velocity impulse, tangential to the space vehicle velocity relative to Earth, is applied at a circular low Earth orbit and a 

second braking velocity impulse, tangential to the space vehicle velocity relative to Moon, is applied at a circular low 

Moon orbit. The minimization of fuel consumption is equivalent to the minimization of the total characteristic velocity 

which is defined by the arithmetic sum of velocity changes (Marec, 1979).  

The optimization problem has been formulated using an extension of the classical patched-conic approximation 

(Gagg Filho and da Silva Fernandes, 2015) which includes the eccentricity of the Moon orbit, and the planar elliptic 

restricted three-body problem (PER3BP). In the extended patched-conic approximation model, the parameters to be 

optimized are three: initial phase angle of space vehicle, initial position of the Moon in its orbit, and the first velocity 

impulse or, equivalently, the velocity of the vehicle at the insertion point in the geocentric phase. In this formulation, 

the time of flight and the second velocity impulse are determined from the two-body dynamics (Bate et al, 1971). In the 

PER3BP model, the parameters to be optimized are five: initial phase angle of space vehicle, time of flight, the first and 

the second velocity impulses, and the initial position of the Moon in its orbit. In all cases, the optimization problem has 

been solved using a gradient algorithm (Miele et al, 1969) in conjunction with Newton-Raphson method (Stoer and 

Bulirsch, 2002). In all models, a second optimization problem can be formulated if the initial position of the Moon is 

prescribed. In this way, a study about the fuel consumption parameterized by the initial position of the Moon is 

performed and some interesting results can be obtained. Numerical results are obtained for several final altitudes of a 

clockwise or counterclockwise circular low Moon orbit considering a specified altitude of a counterclockwise circular 

low Earth orbit. Only direct-ascent trajectories are considered in the analysis. The results are compared to other ones 

based on the classical patched-conic approximation or on the planar circular restricted three-body problem. 
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The paper is organized as follows. In Section 2, the formulation of the optimization problem based on an extended 

version of the patched-conic approximation is presented. The formulation of the optimization problem based on the 

planar elliptic three-body problem is presented in Section 3. Section 4 is dedicated to a numerical analysis of some 

Earth-to-Moon trajectories considering direct-ascent trajectories. General remarks are discussed in the last section. 

 

2. OPTIMIZATION PROBLEM BASED ON PATCHED-CONIC APPROXIMATION 

 

In this section, the optimization problem based on a new version of the patched-conic approximation, which 

includes the eccentricity of the orbit of the Moon, is formulated. The following assumptions are employed: 

  

1. The Earth is fixed in space; 

2. The eccentricity of the Moon orbit around Earth is considered; 

3. The flight of the space vehicle takes place in the Moon orbital plane; 

4. The gravitational fields of Earth and Moon are central and obey the inverse square law; 

5. The trajectory has two distinct phases: geocentric and selenocentric trajectories. The geocentric phase 

corresponds to the portion of the trajectory which begins at the point of application of the first impulse and 

extends to the point of entering the Moon’s sphere of influence. The selenocentric phase corresponds to the 

portion of trajectory in the Moon’s sphere of influence and ends at the point of application of the second 

impulse. In each one of these phases, the space vehicle is under the gravitational attraction of only one body, 

Earth or Moon; 

6. The class of two impulse trajectories is considered. The impulses are applied tangentially to the space vehicle 

velocity relative to Earth (first impulse) and Moon (second impulse).  
 

For a given initial position of the Moon on its orbit defined by the true anomaly  0Mf t , an Earth-Moon trajectory 

is completely specified by four quantities: 0r  - radius of circular LEO; 0v  - velocity of the space vehicle at the point of 

application of the first impulse after the application of the impulse; 0  - flight path angle at the point of application of 

the first impulse and 0 - phase angle at departure. These quantities must be determined such that the space vehicle is 

injected into a LMO with specified altitude after the application of the second impulse. It is particularly convenient to 

replace 0  by the angle 1  which specifies the point at which the geocentric trajectory crosses the Moon’s sphere of 

influence. On the other hand, it should be noted that the initial position of the Moon determines the distance D between 

Earth and Moon at the time at which the space vehicle reaches the sphere of influence of the Moon. So, it is also 

convenient to specify the eccentric anomaly  1ME t , replacing the true anomaly  0Mf t , which can be determined 

after solving the two-point boundary value problem of going from LEO to LMO. 

Equations describing each phase of an Earth-Moon trajectory are briefly presented in what follows. It is assumed 

that the geocentric trajectory is direct and that lunar arrival occurs prior to apoapsis of the geocentric orbit. Figure 1 

shows, separately, the geometry of the geocentric phase and of the selenocentric phase for a clockwise arrival to LMO.  

  

 

 

 

 

                 

  

 

Figure 1 – Geometry of geocentric and selenocentric phases. 
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For a given set of initial conditions  0 0 0, ,r v   and specified eccentric anomaly  1ME t and angle 1 , energy and 

angular momentum of the geocentric trajectory can be determined from the equations 
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where E  is Earth gravitational parameter.  

From the geometry of the geocentric phase (Fig. 1), one finds 
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where D is the distance from the Earth to the Moon at time 
1t , 

SR  is the radius of the Moon’s sphere of influence. 

Subscript 1 denotes quantities of the geocentric trajectory calculated at the edge of the Moon’s sphere of influence.  

 From energy and angular momentum of the geocentric trajectory, one finds 
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 The selenocentric phase begins at the point at which the geocentric trajectory crosses the Moon’s sphere of 

influence. Thus, 
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where 
1Mv  is the velocity vector of the Moon relative to the center of the Earth. Subscript 2 denotes quantities of the 

selenocentric trajectory calculated at the edge of the Moon’s sphere of influence. 

 

 From  Eq. (8), one finds 

 

  
1 1 1

2 2

2 1 1 1 12 cosM M Mv v v v v        ,                    (9) 

 

  
 

 
1 1

1 1

1 1 1

1 2

1 1 1

sin sin
tan

cos cos

M M

M M

v v

v v

  
 

  

 
  

 
.                   (10) 

 

The upper sign refers to clockwise arrival to LMO and the lower sign refers to counterclockwise to LMO. 
1M is the 

flight path angle and 
1Mv  is the velocity of the Moon at time 1t , and they are computed using the well-known equations 

of the two-body problem (Bate et al, 1971). 

 The semi-major axis 
fa  and eccentricity 

fe  of the selenocentric trajectory are given by 
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where 
2

2 2 2 MQ r v   and M  is Moon gravitational parameter. 

 The second impulse is applied at the periselenium of the selenocentric trajectory such that the terminal conditions, 

before the impulse, are defined by 

 

  1
Mp f fr a e  ,                           (13) 

 

 
 
 

1

1
M

M f

p

f f

e
v

a e

 



.                          (14) 

 

 Equations (1) to (14) lead to the following two-point boundary value problem: For specified values of 1 and 

 1ME t , and a given set of initial parameters 0r  and 0 0  (the impulse is applied tangentially to the space vehicle 

velocity relative to Earth) determine 
0v  such that the final condition 

Mp fr r  is satisfied, 
fr  is the radius of LMO (both 

orbits, LEO and LMO, are circular). This boundary value problem can be solved by means of Newton-Raphson method 

(Stoer and Bulirsch, 2002).  

 After computing
0v , the velocity changes at each impulse can be determined 
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 The total characteristic velocity is then given by 

 

 Total LEO LMOv v v     .                         (17) 

 

Note that the total characteristic velocity is function of 1  and  1ME t  for a given set of parameters  0 0, 0, fr r  . 

Accordingly, the following optimization problem can be formulated: Determine 1  and  1ME t  to minimize Totalv . 

This minimization problem has been solved by means of a classic gradient method (Miele et al, 1969) in conjunction 

with Newton-Raphson method (Stoer and Bulirsch, 2002). 

 The total flight time of an Earth-Moon trajectory is given by 
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where Et  is the flight time of the geocentric trajectory and Mt  is the flight time of the selenocentric trajectory. These 

times are calculated from the well-known equations times of flight of two-body dynamics (Bate et al, 1971) as 

described in what follows: 
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with eccentric anomaly 1E  and hyperbolic eccentric anomaly 2F  obtained from equations 
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Since lunar arrival occurs prior to apoapsis of the geocentric trajectory,  1800 1E . The semi-major axis 0a  and 

eccentricity 0e  of the geocentric trajectory are given by 
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where EvrQ 2

000  . Note that each impulse is applied at the perigee of LEO and at the periselenium of LMO.  

 

3.  OPTIMIZATION PROBLEM BASED ON THE CLASSICAL VERSION OF PCR3BP 

 

In this section, the optimization problem based on PER3BP is formulated. The following assumptions are employed: 

 

1. Earth and Moon move around the center of mass of the Earth-Moon system.; 

2. The eccentricity of the Moon orbit around Earth is considered; 

3. The flight of the space vehicle takes place in the Moon orbital plane; 

4. The space vehicle is subject to only the gravitational fields of Earth and Moon; 

5. The gravitational fields of Earth and Moon are central and obey the inverse square law; 

6. The class of two impulse trajectories is considered. The impulses are applied tangentially to the space vehicle 

velocity relative to Earth (first impulse) and Moon (second impulse). 

 

Consider an inertial reference frame Gxy contained in the Moon orbital plane: its origin is the center of mass G of 

the Earth-Moon system; the x-axis points towards the Moon position at the initial time 00 t  and the y-axis is 

perpendicular to the x-axis.  

In the Gxy reference frame, the motion of the space vehicle (P) is described by the following differential equations: 
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where PEr  and PMr  are, respectively, the radial distances of space vehicle from Earth (E) and Moon (M), that is, 
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MP P M P Mr x x y y    . Because the origin of the inertial reference frame Gxy 

is the center of mass of Earth-Moon system, the position vectors of the Earth and the Moon are, respectively, defined by 

 EEE yx ,r  and  MMM yx ,r . Since the Moon orbit around Earth is defined by an ellipse, the Earth and Moon 

inertial coordinates are given by well-known equations from the solution of the  two-body problem 
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where EM   , M  is the argument of periapsis of the Moon’s orbit, measured from the x-axis of the inertial 

reference frame Gxy, Mf is the true anomaly and Mr is the distance from Earth to Moon at time t and it is given by the 

polar equation of a conic section (Bate et al, 1971) 
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where Ma is the semi-major axis and Me is the eccentricity of the Moon’s orbit. 

The initial conditions of the system of differential equations correspond to the position and velocity vectors of the 

space vehicle after the application of the first impulse. The initial conditions ( 00 t ) can be written as follows: 
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where LEOv  is the velocity change at the first impulse,  
0

0EP EPr r  and  EP t  is the angle defining the position of 

the space vehicle in the inertial reference frame Gxy at time t, more precisely the angle which the position vector Pr  

forms with x-axis. It should be noted that  0EPr  and  0EPv  are orthogonal, because the impulse is applied 

tangentially to LEO, assumed circular. The components of the position vector and of the velocity vector of the Earth at 

time 00 t  are obtained straightforwardly from Eqs (24) and (25). Note that the true anomaly  0Mf t defining the 

initial position of the Moon must be specified. 

The final conditions of the system of differential equations correspond to the position and velocity vectors of the 

space vehicle before the application of the second impulse. The final conditions ( Tt f  ) can be written as follows: 
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where LMOv  is the velocity change at the second impulse,  
fMP MPr T r  and  MP t  is the angle which the position 

vector MPr  forms with x-axis. The upper sign refers to clockwise arrival to LMO and the lower sign refers to 

counterclockwise to LMO. The components of the position vector and of the velocity vector of the Moon at time T are 

obtained straightforwardly from Eqs (24) and (25). 

The angle  MP T  is free and can be eliminated. After the problem has been solved, the angle  MP T  can be 

calculated from Eqs (30) and (31). So, combining Eqs (30) – (33), the final conditions can be put in the form: 
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The upper sign refers to clockwise arrival to LMO and the lower sign refers to counterclockwise to LMO. It should be 

noted that the constraint defined by Eq. (33) is derived from the angular momentum considering a direct 

(counterclockwise arrival) or a retrograde (clockwise arrival) orbit around the Moon. 

 

4.  RESULTS 

 

In this section, results are presented for lunar missions using the two dynamical models previously described and are 

compared to the results obtained considering the optimization problems based on the classical patched-conic 

approximation or on the planar circular restricted three-body problem. The following data are used: 

 
235 skm 10986.3 E ,         

233 skm 10903.4 M , 

km 384400D  (distance from the Earth to the Moon),    

km6378Ea (Earth radius),        1738kmMa  (Moon radius),    

0  167 kmh  (altitude of LEO),       100,  200,  300,  400, 500fh  km (altitude of LMO). 

 

The algorithm based on gradient algorithm in conjunction with Newton-Raphson method, described in this paper, 

uses a Runge-Kutta-Fehlberg method of order 4 and 5, with step-size control, and, relative error tolerance of 
1010 

 and 

absolute error tolerance of 
1110 

 (Forsythe et al, 1977), and, the terminal constraints are satisfied with an error lesser 

than 
810 

. In all simulations, canonical units are used: 1 distance unit = Ea  and 1 time unit = Eea 3
, such that 

23 .u.td.u. 0.1E  
Table 1 shows the results for lunar missions with clockwise arrival at LMO and Table 2 shows the results for lunar 

missions with counterclockwise arrival at LMO. The departure from LEO is counterclockwise for all missions. The 

major parameters that are presented in these tables are the velocity changes LEOv  and LMOv  at each impulse, the total 

characteristic velocity Total LEO LMOv v v     , the flight time of lunar mission T, the initial position of the space vehicle 

in the inertial reference frame Gxy at the initial time 00 t defined by the angle  0EP , and, the initial position of the 

Moon defined by the true anomaly (0)Mf .   

Results in Tabs. 1 and 2 show the good agreement between the results of the elliptic patched-conic approximation 

and the elliptic three-body problem. There exists a small difference between the total velocity increments of these 

models. This difference occurs mainly to the second velocity increment: for a LMO altitude of 100 km with clockwise 

arrival, for instance, the difference between the increments LMOv  is 29 m/s with the elliptic patched-conic 

approximation presenting the smaller increment. The same pattern is noted when the classical patched-conic 

approximation is compared to the classical three-body problem. An important fact highlighted by Tabs. 1 and 2 is that 

both elliptic models, patched-conic approximation and three-body problem, waste less fuel consumption than the 

classical models: for a clockwise arrival at 100 km altitude in the LMO, the elliptic patched-conic approximation has a 

total velocity increment 9 m/s less than that of the classical patched-conic approximation, and, the elliptic three-body 

model has a total velocity increment 10 m/s less than that of the classical three-body model. This same behavior is 

noticed for the others LMO altitude and with counterclockwise arrival. Despite these differences be small, the saving of 

fuel consumption in elliptic models can be considerable for trajectories with larger times of flight. Moreover, one must 

choose carefully the initial position of the Moon for the elliptic three-body model or the position defined by the 

eccentric anomaly 1( )ME t  for the elliptic patched-conic approximation in order to determine the optimal trajectory that 

saves more fuel. Note that the classical models do not present results for the initial position of the Moon since its orbit is 

circular. Also, the proposed elliptic models exhibit a robustness to converge the results by means of the Newton-

Raphson method since several altitudes of LMO are utilized.  

 

 

 

 

 

 

 

 

 

 

 

 



S. da Silva Fernandes, L. A. Gagg Filho, M. V. Cardoso Macêdo 
Optimal Two-Impulse Trajectories for Earth-Moon Flight in the Elliptic Restricted Three-Body Problem 

 

Table 1 – Lunar mission, clockwise LMO arrival, major parameters.  LEO orbit = 167 km. 

 

LMO altitude 

 km 
Model 

Totalv  

km/s 

LEOv  

km/s 

LMOv  

km/s 
T  

days 

 0EP  

deg 

(0)Mf  
deg

 
 

100 
Patched-conic      

Elliptic patched-conic      

classical PCR3BP      

PER3BP      

 

200 
Patched-conic      

Elliptic patched-conic      

classical PCR3BP      

PER3BP      

 

300 
Patched-conic 



    

Elliptic patched-conic      

Classical PCR3BP      

PER3BP      

 

400 
Patched-conic      

Elliptic patched-conic      

classical PCR3BP      

PER3BP      

 

500 
Patched-conic      

Elliptic patched-conic      

classical PCR3BP      

PER3BP      

 

 

  



24th ABCM International Congress of Mechanical Engineering 
December 3-8, 2017, Curitiba, PR, Brazil 

Table 2 – Lunar mission, counterclockwise LMO arrival, major parameters 

 

LMO altitude 

 km 
Model 

Totalv  

km/s 

LEOv  

km/s 

LMOv  

km/s 
T  

days 

 0EP  

deg 

(0)Mf  
deg

 
 

100 
Patched-conic      

Elliptic patched-conic      

classical PCR3BP      

PER3BP      

 

200 
Patched-conic      

Elliptic patched-conic      

classical PCR3BP      

PER3BP      

 

300 
Patched-conic      

Elliptic patched-conic      

classical PCR3BP      

PER3BP      

 

400 
Patched-conic      

Elliptic patched-conic      

classical PCR3BP      

PER3BP      

 

500 
Patched-conic      

Elliptic patched-conic      

classical PCR3BP      

PER3BP      

 

Finally, note that: 

 

1. Lunar missions with clockwise LMO arrival spend more fuel than lunar missions with counterclockwise LMO 

arrival for both elliptic and classical models; 

2. Despite the flight time be nearly the same for all lunar missions with clockwise LMO arrival and for lunar 

missions with counterclockwise LMO arrival, the elliptic models present a time of flight larger than the 

classical models: for a clockwise arrival at a LMO with 100 km altitude, the elliptic patched-conic 

approximation presents a time of flight 0.335 days larger than the classical patched-conic approximation.  

3. The second change velocity LMOv  decreases with the LMO altitude for elliptic and classical models. 

4. Elliptic and classical models present the flight time with clockwise LMO arrival larger than the flight time for 

lunar missions with counterclockwise LMO arrival. 

5. The optimal initial phase angle (0)EP  of the space vehicle and the optimal initial position of the Moon (0)Mf  

change with the LMO altitude: for clockwise arrival, the increase of the LMO altitude decreases slightly 

(0)Mf  and decreases slightly the magnitude of (0)EP ; for counterclockwise arrival, the increase of the LMO 

altitude increases slightly (0)Mf  and increases slightly the magnitude of (0)EP .          

 

Some of the general results of the classical models are quite similar to the ones described by Miele and Mancuso 

(2001) and Gagg Filho and da Silva Fernandes, 2015. 
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5. CONCLUSION 

 

This paper formulates Earth-Moon trajectories based on a new approach of the lunar patched-conic approximation 

that includes the eccentricity of the Moon’s orbit around Earth. The Earth-Moon trajectory is also formulated based on 

the elliptic restricted three-body problem. In order to determine the optimal trajectories, optimization problems are 

solved in both models by means of a gradient algorithm in conjunction with Newton-Raphson method. The optimal 

results of both elliptic models are compared to the results based on the classical patched-conic approximation and based 

on the circular restricted three-body problem. The results show that both elliptic models, patched-conic approximation 

and three-body problem, waste less fuel consumption than the classical models. Despite these differences be small, the 

saving of fuel consumption in elliptic models can be considerable for trajectories with larger times of flight. This fact 

will be investigated in future works. Moreover, one must choose carefully the initial position of the Moon for the 

elliptic three-body model or the position defined by the eccentric anomaly 1( )ME t  for the elliptic patched-conic 

approximation in order to determine the optimal that saves more fuel. 

 

6. ACKNOWLEDGEMENTS 

 

This research has been supported by CAPES, by CNPq under contract 304913/2013-8 and supported by grant 

2008/56241-8 and 2012/25308-5, São Paulo Research Foundation (FAPESP). 

 

7.  REFERENCES 

 

Bate, R.R., Mueller, D.D. and White, J.E., 1971. Fundamentals of astrodynamics. Courier Dover Publications, New 

York. 

Forsythe, G.E., Malcolm, M.A. and Moler, C.B., 1977. Computer methods for mathematical computations, Vol. 8. 

Prentice-Hall, Englewood Cliffs, New Jersey, USA. 

Gagg Filho, L.A. and da Silva Fernandes, S., 2015. “Optimal round trip lunar missions based on the patched-conic 

approximation”. Computational and Applied Mathematics, pp. 1–35. 

Marec, J.P., 1979. Optimal space trajectories. Elsevier, New York, NY. 

Miele, A., Huang, H.Y. and Heideman, J.C., 1969. “Sequential gradient-restoration algorithm for the minimization of 

constrained functions–ordinary and conjugate gradient versions”. Journal of Optimization Theory and Applications, 

Vol. 4, No. 4, pp. 213–243. 

Miele, A. and Mancuso, S., 2001. “Optimal trajectories for earth-moon-earth flight”. Acta Astronautica, Vol. 49, No. 2, 

pp. 59–71. 

Stoer, J. and Bulirsch, R., 2002. Introduction to Numerical Analysis. Springer-Verlag, New York, 3rd edition. 

 

8. RESPONSIBILITY NOTICE 

 

The authors are the only responsible for the printed material included in this paper. 

 


