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Abstract. The aim of the paper is to investigate the wave propagation and properties of periodicity on the frequency band
structure of a circular cylindrical shell phononic cristal. The structural member is modelled using the semi-analytical
technique called Spectral Element (SE) method, where the dynamic stiffness matrix of a circular cylindrical shell element
is formulated. In the governing equations time derivatives are transformed by using the spectral decomposition, while the
circumferential coordinate is eliminated by applying the solution in the form of Fourier series. By post-processing the SE
model of a circular cylindrical shell unit-cell and applying the Floquet-Bloch theorem a transfer matrix eigenproblem is
obtained, where the wave propagation behaviour along one-dimensional (1D) periodic systems can be calculated. This
approach is called wave spectral element (WSE) method, and is also used to calculate band gaps in a circular cylindrical
shell phononic crystal made with two elastic properties. Results are presented in frequency domain in dispersion dia-
grams. Precision and efficiency of the SE and WSE methods are demonstrated by computing wave propagation and band
gaps in pipe like periodic structures with cylindrical shells spectral elements.
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1. INTRODUCTION

Shells have been used frequently as structural element in different areas of engineering applications. It comes from
the fact that shells can be used for large span structures with good stiffness to weight ratio. Shells are subjected to
various complex loading and boundary conditions, that can lead to structural failure, therefore, a good understanding
of the dynamic behaviour of shell elements is very important to guarantee a safe and inexpensive design. Phononic
crystals are artificial materials having discontinuities (inclusions, abrupt change of geometry or material property) which
are periodically distributed along the space. Figure 1 shows an example of a phononic crystal cylindrical pipe made with
two elastic material properties distributed periodically along its length, and a detail of the periodicity pattern (unit-cell).
As a consequence of periodicity, those structures may exhibit frequency band gaps (stop or forbidden bands) where waves
do not propagate. Based on this feature phononic crystals can be proposed as an efficient solution for vibration and noise
control. Wave propagation in periodic structures has been extensively studied by many authors with origins that can be

Figure 1: Scheme of a phononic crystal of circular cylindrical shells made with two materials: steel (silver) and polyacetal
(black) distributed periodically along the length.
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traced back to Newton and Rayleigh. The engineering study of periodic structures starts in the 70’s with Mead, who wrote
a good review about this subject in Mead (1996). The band gap phenomena in structural dynamics started to be analysed
in the 90’s, and one of the seminal works was written by Sigalas and Economou (1992). Since that, new approaches have
appearing using periodicity together with analytical and numerical modelling to calculate complex structures at a low
computational cost. One of these, also called wave spectral element (WSE) method, considers the spectral element (SE)
model of a unit-cell the periodicity pattern expressed as a transfer matrix relation. Then, applying the Floquet-Bloch
theorem an eigenvalue/vector transfer matrix problem is obtained, whose solution are the wave-numbers and wave modes
which travel towards the right and left directions along the periodic structure. The WSE method has been applied to
periodic structures built with element type like rods, beams and plates (Nobrega et al., 2016; Silva and Arruda, 2012).

In the last decades many researches in phononic crystals and metamaterials had been done. From engineering point of
view to analyse and understand these systems computationally and experimentally remains an open challenge (Hussein
et al., 2014). Phononic crystals produce band gaps, which are mostly induced by Bragg scattering effect (destructive
interference of waves) generated by periodicity along a structure, for example, periodic changes in the elastic properties.
For a 1D periodic structure with a unit-cell length d, band gaps would appear around frequencies governed by the Bragg
condition, d = n(A/2), (n =1,2,...) where X is the wavelength.

In this paper, the WSE method is applied to compute band gaps in a circular cylindrical shell whose elastic material
properties vary along its length periodically (Figure 1). The motivation is to propose a new WSE approach based on
the elastic circular cylindrical shell spectral element. Besides demonstrate that WSE method is accurate and efficient for
modelling and simulating circular cylindrical shell phononic crystal. At first a comparative study for the cylindrical shell
calculated by SE method and using the analytical solution (Leissa, 1973) is presented. The SE method consists in to
obtain the govern equation exact solution for the circular cylindrical shell in a matrix form similar to the finite element
(FE) method. In the governing equations time derivatives are transformed by using the spectral decomposition, while the
circumferential coordinate is eliminated by applying the solution in the form of Fourier series (Kolarevic et al., 2016).
A two-end circular cylindrical shell spectral element with four degrees-of-freedom/end is obtained. The WSE method
consists in post-processing the SE model of a circular cylindrical shell unit-cell and applying the Floquet-Bloch theorem
to obtain a transfer matrix eigenproblem, where the wave propagation behaviour along 1D periodic systems is calculated.
The WSE is used to analyse the wave propagation of a circular cylindrical shell phononic crystal. The method will be
computationally implemented, verified and compared with the results obtained using a similar numerical approach, the
wave finite element (WFE) method (Duhamel et al., 2006; Mencik, 2014).

2. CIRCULAR CYLINDRICAL SHELL SPECTRAL ELEMENT

The SE method is based on the analytical solution of the displacement wave equation, written in the frequency domain
(Doyle, 1997; Lee, 2004). The element is built in the concept of FE, but the form function is the exact solution of
wave equation. Built-up structures with geometrically uniform members can be modelled by a single spectral element
reducing significantly the total number of DOF’s as compared to approximated approaches. However, there are still some
drawbacks, such as, difficulties to model non-uniform members and elements without closed-form solution. For example,
the free vibration problem of a rectangular plate, can be solved in closed-form only for a few combinations of boundary
conditions. However, some spectral elements have been developed using approximations with superposition and Fourier
series expansion (Casimir et al., 2005; Campos and Arruda, 2007, 2008; Nefovska-Danilovic and Petronijevic, 2015;
Kolarevic et al., 2015). One in this category is the circular cylindrical shell spectral element developed by Kolarevic et al.
(2016), which is applied here in WSE method. Its formulation will be briefly reviewed in this section.

The geometry (thickness h, radius a, length L) and coordinate system (displacements u, v and w of the mid surface in
z, ¢ and z directions, respectively) for a closed circular cylindrical shell are is shown in Figure 2.

Figure 2: Geometry and coordinates system of a closed circular cylindrical shell.
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Based on the Fliigge thin shell theory (Leissa, 1973), the governing differential equations for a closed circular cylin-
drical shell can be written in a matrix form as:

92 + a10% + a20} a30,0, 440y + a503 + a60,02
30,0 a702% + agd? + a0} a70,, + ag020 u(z, ¢,t) 0
30z0¢ 70, + ag 20; 704 + 09030, oot =10
k(9 + 2070207 + ar201) w(,0:t) 0

a40; + as03 + a0,0? a7, + agd20,
* o ® e ? v + a7 — agﬁf + 2&108?0 + aio

where u(z, ¢, 1), v(z,¢,t) and w(x, p,t) denote displacement components in the axial (x), tangential () and radial
direction (z), respectively, and 8,, = d/dz, O, = d/dp, Oy = d/dt, and k = h?/12. The a;(i = 1...10) coefficients of
Eq. (1) are:

_ 1—v K rh _ 14v _ v _ K

a1 = 542 (1+Da2) a2 =7 as = 5, a4 =35 a5 = Dq )
_1-v K _ 1 _1—v 3K __3—v K _ K

a6 = 25D ar = as =13 (14 55z) a9 =23 p a0=pe

where v is the Poisson’s ratio, K = Eh3/12(1 — v/?) is the flexural stiffness, D = Fh/(1 —v?) is the stiffness in the mid
surface of shell, p is the mass density and F is the Young’s modulus.
By using the separation of variables, the general solution of the system of Eq. (1) is:
u(z,p,t) =1 (z,p) 6Mt, v(z,p,t) =0 (z,p) eiwtv w(z, p,t) = (2, p) C 3)
where w is the circular frequency and u, ¥, w are the spectral amplitude of displacement components. Substituting Egs. (3)
into Egs. (1) the differential equation of circular cylindrical shell in frequency domain is obtained as:

0?2 + alﬁi — asw? a30,0, a40, + as03 + aﬁaxa;
a30,0 2702 + agd? — azw? a70,, + agd2d (@, ¢) 0
B T e T o(z,e) | =] 0] @
W (z, p) 0

k (8;1 + 2@78%85, + a728$)

a40y + as503 + ag0,0? a70, + agd20
I e TR + az + asw® + 2a1092 + a1o

For a closed circular cylindrical shell, the displacement components @ , 0 and w should satisfy periodicity in the
tangential direction. Therefore, the solution of the system of Egs. (4) can be expanded in an infinite Fourier series:

m=0 1
(x, ) = Z Vi () sin(mep) + Z Vin () cos(mep) (3)
m=0 m=1

w(x, ) = Wi () cos(my) + Z W () sin(m)

m=0 m=1

where m € Z. Let’s consider the case where the boundary conditions do not depend on ¢. Then, the solutions for the
different harmonics are uncoupled and instead of take the solution in the form of the summation, only the solution for
the m-th harmonic will be considered. The solution for the asymmetric vibration (m > 1) will be presented, while
the solution for the axisymmetric vibration (m = 0) will not be considered. The solution procedure for the 1st terms
of Egs.(5) will be presented, while the solution for the 2nd terms can be obtained in the same way. Notice that the
natural frequencies obtained with the 1st and 2nd terms of Egs. (5) are the same, which means that for the closed circular
cylindrical shell all the natural frequencies are duplicated. By substituting the 1st terms of Egs.(5) in the Eqs.(4) it has:

C10% + Cy C30, 0493 + C50,
@ (x) 0
—(C30, Cga% + Cr Cgag + Cy 0 (.Z‘) = 0 (6)
w (x) 0

0483 + C50, —0882 — Oy 0108;1. + 011(93 + Ci9
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where
Cl,m =1 C2,m = —m2a1 - w2a2 Cg_’m = —mas C47m = —das
CS,m = Q4 — m2a6 C&m = as sz = —m2a7 — w2a2 C&m = —MmMag (7)
Ciam = —a7 + waz
Cg7m = —mary ClO,m =k Oll,m = —2kzm2a7 ’ 4 2 2 4
+ k(m*a% — 2m©ar + a7)
By expanding the determinant of the matrix of Egs. (6), an 8th order differential equation is obtained as:
(0% + a1.m0% + ag 1m0 + a3, 0 + a4, 0:)¥ =0 (8)
T a1,m0y a2 m0y, a3.m z a4 mOg -
where ¥ = U,,, or V,,, or W,,,, and:
a _ ClUC§+2C3C4(18—C7C421—2CSCGC4+C1C§+ClCGCll+C107clo+C2C6C10
1’m - clcgclofceci
a _ cicsciztericat2esescgt2cacocs—coct —2cacres+ceacat2e cocgtcicreriteaceciiteacrein
2m — 0106010—060?1
9)
a _ Clgc§+26365697C7C§~‘rclCgJrQCgCgCg+Clc7612+CQCGC12+CQC7611 .
3m — 61666107(;6(;421 ’
2
_ Cschtcacrer2
A4,m = €1C6C10—C6CH
Assuming the solution of the Eq. (8) in the form ¥ = e"” the corresponding characteristic equation is obtained as:
8 6 4 2 _ 10
rT 4+ a1,mm + a2 mTT + az mm + g mT = 0 ( )
whose roots are 7; ,,, (¢ = 1,. .., 8). The solutions for unknown functions can be written as:
o0 o0 oo
Un(z) = E Aijme" " Vi (z) = E Bime" T Wi (z) = E Ci me"m* (1D
i=1 i=1 i=1

where from a total of 24 integration constants only 8 are independent. The integration constants A; ,,,, and B; ,,, can be
expressed in terms of C; ,,, by doing

Ai,m = 6i,mCi,m; Bi,m = Vi,mci,m (12)

where d; ,,, and 7; ,, are coefficients that represent amplitude the ratios of axial-radial and tangential-radial displace-
ments, respectively:

(cg + csr?)? + (c7 + cr?)(c1a + c1172 + c1o7])
ri(cs + C4Tf)(67 + 067’?) —c3ri(co + csrf)

(Sim:

)

(13)

(61263 + c5c9 + (01103 + c5cg + C4Cg)(’l“i2) + (01063 + C4CS)T§1)
(c5e7 — c3c9 + (c5c6 + cacy — c3c8)(1?) + cacery)

Substituting the Eqs.(11) and (12) in the Egs.(5), keeping only the st terms and truncating the summation index as
m =1,..., M the displacement components can be written as:

M 8

iz, p) = Z Z5i7m0i7mer7‘=’"'m cos (my)

m=1 \:=1

M 8

O(z, ) = Z Z’yLmC’i’me””“I sin (mep) (15)
m=1 i=1
M 8

w(x,p) = Z ZCi,me"“"‘” cos (myp)

m=1 \:i=1

As a matter of conciseness the equations of force and moments for the circular cylindrical shell are not presented in
the paper, but can be founded in (Leissa, 1973). By substituting Eqs. (15) in these equations the expressions for forces
and moments in frequency domain can be obtained.
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Figure 3: Two-end circular cylindrical shell spectral element with components of the displacement (left) and the force
(right) vectors.

Figure 3 shows schemes of two-end circular cylindrical shell spectral element of length L including components of
the displacement (left) and the force (right) vectors. By defining the displacement vector ¢ containing the displacements
and rotations at the element ends x = 0 and x = L it has:

q = [i1 01 W1 Yo Gz O Wa Yipa]” (16)
where
iy = (0, ) = Up,(0)cos(mep); tiy = (L, p) = Up(L)cos(mep);
01 = 0(0,) = (0, ¢) = Vi (0)sin(mep); vy = 0(L, ) = 0(L, ) = Vin(L)sin(meyp);
wy = (0, 9) = w(0,9) = Wn(0)cos(mep); (L, ) =w(L,p) = Wi (L)cos(mep); (17)
Vo1 = Y (0 2 = 1,(0,¢0) = V,,,(0)cos(mp);  VYpa(L, @) = Yu(L, ) = W (L)cos(myp)

Similarly for the force vector,

Q = [le ng@l QII Mxl N:};Q NILP2 QwQ M]J2]T (18)

V\A’here Nwl ? - x(paSO)angol = A_Nacgo(OaASO%QAxl = _Qw(oa@)aMwl = _Mx(()y(ﬁ)aNmQ = Na;(LaQD)aNm:pZ =
Nao(L, @), Qu2 = Qz(L,¢), and M,y = M,(L, ) with the nodal forces and moments given by (Kolarevic et al.,

2016):

=

(Dv(1+ m~im) + aDrim0im — Krim

Noo,my (@, 0) = . 9)
N tim (2, 0) = (1 — v)[—aDé; ym + a? D’;Z mim 4 3K m (Yim + m)] o0
Qutom (@) = K[(1 = v)d; mm? +22a(fn2,m(5i,m —arim)] N Kmr; m[(3 — 1/)211';71 +2m(2 — v)] e
My (im) (2, 0) = Kl Gion 4 ) J;Qam,méi,m — il (22)

The new displacement and force vector, namely §,,, that contain the amplitudes of displacements and rotations, and
Q. that include the amplitudes of forces and moments, both on the boundaries * = 0 and = = L for the m-th harmonic
are:

Qm = [Um(o) VM(O) Wm(o) lpwm(o) Um(L) Vm(L) Wm(L) \I'Wn(L)}T (23)

The vector q,, is related to the vector of integration constants C,,, by the matrix D,,, , while the vectors Qm and C,,,
are related through the matrix F,,, , as follows:
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where the vector of integration constants C,,, and the matrices D,,, and F,,, are:
T
Cm = [Cl,m CV2,7n CB,m C(4,m OS,m Cﬁ,m, C?,m CS,m] (27)
[ bim Ssom ] —No(1,m) —Nagg.m)
Yiym Yim ~Nap(1,m) ~Nap(8,m)
1 1 _Qz(1,77L) _Qm(&m)
—T1,m —T8,m 7Mw(1 m) 7Mx(8m)
D ! ; F,, = ~ ’ A 28
m 51’m€”‘mL 68,mers'mL m Ngc(l m)eri'mL N;E(S m)er&m[‘ (28)
Ti,m L . “i,mL ; ’ . ; ’ .
Yi;me" Yi;me" Nmp(lym)e”me s Nmp(&m)eVS,mL
eri,m,L er’i)”mL A Ti,mL A rs,mL
oL oL Qz(l,m)e Qz(&m)e ’
L —Time€ " T TTrame T Ma-(l m)eri’mL Mw(Sm)er&mL

If vector C,;, is expressed from the Eqgs. (25) as a function of q,, and replaced in the Eq. (26), the relation between
vectors Q,, and q,, is obtained in the following form:

where K p,,, = Fm(Dm)’1 is the dynamic stiffness matrix of the circular cylindrical shells spectral element for the m-th
harmonic.

3. PHONONIC CRYSTAL MODELLING BY WSE & WFE METHOD

Consider an elastic phononic crystal circular cylindrical shell with spatial periodic distribution with a unit-cell length d,
as sketched in Fig. 1. For the spatial periodic distribution the band gaps are generated by Bragg scattering, which appears
around frequencies governed by the Bragg condition d = n(A/2)(n = 1,2,...), where ) is the unit-cell wavelength. In
this paper two circular cylindrical shell models are used: one is formulated with the semi-analytical SE method presented
in Section 2.and the other is the approximated numeric conventional FE method (Cook et al., 1974). The equilibrium
equation for the finite circular cylindrical shell by SE is given by the Eq. (29) with the spectral dynamic stiffness element
matrix rewritten here as:

Dse = F’m(Dm)71 (30)

where the matrices F,,, and D,,, are given by Eqs.(28).
The dynamic stiffness element matrix by FE method can be written as:

D, = K. — w*My, (3D

where K. and M, are the conventional finite element circular cylindrical shell stiffness and mass matrices, respectively,
not shown here in detail, but can be found in Cook et al. (1974). The dynamic stiffness matrix, either by SE or FE, can be
partitioned in terms of internal, left-sided and right-sided degrees of freedom by

D;; Dy Dy, (o 0;
Dii Dy D | q@p=qQ (32)
Dm‘ Drl Drr QT QT

From Eq. 32, the internal displacement vector can be obtained as
& = D;;' Dud + Dyya,) (33)

Substituting Eq.33 into Eq. 32, the condensed dynamic stiffness matrix is obtained as

Dy D] fa)l _ [Q
|:DTl Drr:| {qT a QT (34)
where Dy = Dy — DliDngil’ D, =Dy, — DMDﬁlDil’ Dy =Dy, — DliDngir and D, = D, — DMD;ZlDzr

The periodicity condition allows predicting the behavior under harmonic disturbance of a periodic system modelling
a unit-cell only. In this method the dynamic stiffness matrix of a unit-cell modelled by SE or FE is used to apply the
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periodicity condition in a harmonic disturbance propagating through the system. Using Floquet-Bloch’s theorem, the
periodicity condition results in an eigenvalue problem. Equation 34 can be rearranged in a the Transfer Matrix formulation,
resulting in

_QT‘ — Drl - Derl;lDll _D;rlDlr Ql (35)
N—— AN —~
Pr T P

where T is the transfer matrix that relates the left state vector p; with the right state vector p,. of the unit-cell.
Considering now consecutive unit-cells, m and m+1, results

For wave propagation in an infinite periodic system, Floquet-Blochd4AZs theorem produces an eigenvalue problem
given by

Tp, = e'py (37)

where e” is the eigenvalue, p; is the eigenvector, u = —ikd is the attenuation constant, where d is the unit-cell length, k
is the wavenumber and ¢ is the imaginary unit. This solution provides the behavior in terms of wave propagation.

4. NUMERICAL RESULTS

To verify the implementation of the circular cylindrical shell spectral element simulated examples are performed. A
circular cylindrical shell of thickness h = 0.01m, radius a = 1.0m, length L = 20m, made of steel with mass density
p = 7850kg/m3, Poisson’s ratio v = 0.3 and Young ModulusE = 210 x 10°N/m? is used. A theoretical modal
analysis using SE method implemented in a MATLAB code is carry out and 10 lowest natural frequencies are calculated.
These results are compared with that calculated by FE method in the commercial software ANSYS, using element type
SHELL63 (6 DOF’s/node) and the circular cylindrical shell is discretized with 7201 elements and 7321 nodes. The modal
analysis were performed using two different boundary conditions in the cylindrical shell-ends: clamped-clamped and
free-free. Table 1 shows the results for a clamped-clamped (C-C) and free-free (F-F) boundary conditions including the
mode number, natural frequencies calculated by FE and SE and the percentage relative error. It can be seen that for
both boundary conditions (C-C and F-F) the natural frequency relative errors between FE and SE are very small, with
the highest value of 0.45 % for C-C and 4.61 % for F-F. Of course, that this values are dependent of the FE model
discretization and errors even lower can be reached by using finer meshing.

Table 1: Natural frequency of a circular cylindrical shell by FE and SE methods.

B. Conditions Order | Mode Number (m,n) | FE (Hz) | SE (Hz) | R. Error %

1 2.0 11.99 | 12.03 033

2 3,1 19.54 19.58 0.20

3 A3,2) 23.08 23.17 0.38

4 2,2) 27.18 27.22 0.14

Clamped-Clamped 5 (1,1) 28.31 28.30 0.03
6 3,3) 31.48 31.59 0.34

7 “,1) 36.36 36.43 0.19

8 4,2) 37.21 37.24 0.08

9 4,3) 39.52 39.70 0.45

10 “4.4) 44.10 44 .27 0.38

1 2,1 6.68 6.69 0.14

2 2,2) 12.25 12.13 0.98

3 3,1 18.88 18.92 0.21

4 (3,2) 19.67 19.61 0.30

Free-Free 5 3,3) 23.40 23.26 0.60
6 2,3) 28.27 27.65 2.24

7 (1,1) 30.63 29.28 4.61

8 3.4) 32.19 31.85 1.06

9 4,1) 36.19 36.38 0.52

10 4,2) 37.48 37.25 0.61
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In order to validate the WSE approach a unit-cell with d = 0.2m of an homogeneous circular cylindrical shell, using
the same geometry and elastic properties of the former example was simulated. Dispersion diagrams are calculated and
compared with that obtained by analytical solution given by ?. Figure 4 shows the dispersion curves calculated by WSE
approach and Analytical solution for the harmonic modes m = 1 and m = 2. It can be seen a very good agreement
between both methods at low frequency bands, but as the frequency band increase they start to diverge. It comes from the
fact that WSE circular cylindrical shell model is based on Fliigge’s shell theory, while the analytical solution of ? model
is formulated using the Donnell-Musthari’s shell theory, which is more conservative.

Analytical x WSE Analytical x WSE

Wavenumber
Wavenumber

0.1 0.5 1 2 0.1 0.5 1 2

Non-dimensional frequency, Q2 Non-dimensional frequency, Q2
(@) )

Figure 4: Dispersion diagram calculated by analytical and WSE methods for the harmonic: (a) m = 1; (b) m = 2.

To WSE is also evaluate to obtain the band gaps in a phononic crystal of a circular cylindrical shell. A phononic crystal
circular cylindrical shell unit-cell is made with two materials combined as steel-polyacetal-steel (Figure 1) with thickness
h = 0.025m, radius a = 0.05m, steel unit-cell length d; = 0.01m and polyacetal unit-cell length do = 0.03m. Steel
properties are mass density p, = 8030kg/m?, Poisson’s ratio v, = 0.27 and Young ModulusE, = 193 x 10°N/m?3.
Poyacetal properties are mass density p, = 1418kg/m3, Poisson’s ratio vp = 0.35 and Young Modulus E, = 3.3 x
10°N/m?3. Figure 5 presents the dispersion diagram for the phononic crystal calculated by WSE and WFE (Sousa et al.,
2017) for the harmonic mode m = 0. It can be seen a good agreement between the curves at low frequency bands, but as
the frequency increases they starts to diverge. This behaviour is related with sizing mesh of WFE method, which can be
improved increasing the size meshing. For others harmonic modes (not shown here) a similar behaviour was founded.

50 Dispersion diagram WFE x WSE, m=0

60

40

Wavenumber

s \WFE real
===\WFE imag
| |=——\WSE real

=== \VSE imag

_60 Il I Il
0 0.5 1 1.5 2

frequency [Hz] x10*
Figure 5: Dispersion diagram of phononic crystal circular cylindrical shell calculated by WSE and WFE for the harmonic
mode m = 0.

Figure 6 shows the dispersion diagrams calculated for the harmonic modes m = 1...4. It can be seen that for all
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harmonics mode the method can identify the band gaps as expected. This results corroborates that WSE method is able to
identify the locations and widths of band gaps, which occur at the locations where the imaginary part of the wavenumber
becomes negative (evanescent wave) in the dispersion diagram.

. Dispersion diagram WSE, m=1 i Dispersion diagram WSE, m=2
== \\/SE real [ WSE real
60 | [==WSE imag 60 | | WSE imag
40 -
40
201
g 20+ 8 0
< €
2 0 g -20 ¢ :
o) Q !
& _/ ! : & 40 ' —
=-207 | ' ES i
| i K 60 : — |
1
40} ! ' '
: ] -80 - |
1
-60 | . -100 | i
1 ! I
. L | . L -120 L - -
0 0.5 1 15 2 25 3 0 05 L 1:5 Z 2.8 43
frsquenay [Hz] - frequency [Hz] x10
@ (b)
. Dispersion diagram WSE, m=3 80 Dispersion diagram WSE, m=4
—WSE real B ek red
60 | WSE imag i == WSE imag
20! 40 [
20 - 201
_ ! i i -
g 0 7 g o : T
I
§ 20 1 g -20 f 1
5 : g '
S a0t : & 40/
= 0l : s B il / \0
1
-80 T i -80 - k,/ !
1 1
-100 E -100 | |
-120 ! -120 - :
L L | L — | L L . ]
0 0.5 1 1.5 2 25 3 0 0.5 1 15 2 25 3
frequency [Hz] x10* frequency [Hz] x10*
(©) (d)

Figure 6: Dispersion diagrams for the phononic crystal circular cylindrical shell for the harmonic: (a) m = 1; (b) m = 2;
(c)m =3;(d)m = 4.

5. CONCLUSION

The WSE method have been considered and implemented to compute the wave modes in free-free homogeneous and
phononic crystal circular cylindrical shells. The accuracy of the circular cylindrical shell spectral element has been clearly
demonstrated. Also, the WSE approach constitutes a relevant numerical tool which is capable of predicting band gaps
locations and widths in the dispersion diagrams of phononic crystal structures. Of course, these are preliminary results
and others verifications are under way related with the efficiency and harmonic response using the WSE method.
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